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TOPOLOGY OF WORDS 


VLADIMIR TURAEV 


Abstract. We introduce a topological approach to words. Words are ap¬ 
proximated by Gauss words and then studied up to natural modifications 
inspired by homotopy transformations of curves on the plane. 


1. Introduction 

Words are finite sequences of letters in a given alphabet. Every word has 
its own personality and should be treated with the same respect and attention 
as say, a polyhedron or a manifold. In this paper we attempt to study words as 
topological objects. A word in an alphabet a can be viewed as a way of interaction 
or interlacement of the letters of a. For example, two letters a,b G a are interlaced 
in the word abab and are not interlaced in the word aabb. From this perspective, 
a word can be compared with a link of circles in Euclidean 3-space, the letters 
being the counterparts of the circles. 

Another geometric viewpoint is suggested by the Gauss-Rosenstiehl Ho] cor¬ 
respondence between certain words and plane curves. This viewpoint consists in 
treating an arbitrary word in the alphabet a as a “curve” passing through the 
points of a in the prescribed order. To make this work, one needs to embed a in 
a bigger space, say a surface, or better to label certain points of a surface with 
letters of a. These ideas, albeit imprecise at this stage, suggest further directions 
of thought. First of all, the letters appearing in the word with multiplicity > 3 
are “singular” self-crossings of the curve. They may be “desingularized” to ob¬ 
tain only double self-crossings, see Figure ^ Secondly, one may allow different 
points of the ambient surface to be labeled with the same letter which leads us 
to so-called etale words generalizing the ordinary words. Thirdly, the notion of 
homotopy for curves leads us to a notion of homotopy for words. 

The key new concepts introduced in this paper are those of etale words and 
nanowords. An etale word over an alphabet a is a word in an alphabet A endowed 



Figure 1. Desingularization 
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Figure 2. Local deformations of plane curves 


with a projection A ^ a. The image of a letter A G A under this projection is 
denoted |A|. For instance, ABC ABC is an etale word over a provided we specify 
1A|, \B\, \C\ G a. Every word in the alphabet a becomes an etale word over a by 
using the identity id : a —> a as the projection. An etale word in which every 
letter appears twice or not at all is called a nanoword. For instance, ABC ABC 
is a nanoword. Every etale word can be approximated by a nanoword via a 
desingularization which replaces each letter of multiplicity m > 3 by m{m — l)/2 
letters of multiplicity 2. This allows us to focus on nanowords; all definitions and 
results concerning them extend to arbitrary etale words (and, in particular, to 
arbitrary words) via desingularization. 

We now fix an additional piece of data: an involution r : a —> a (it may 
be the identity). Given r, we introduce an equivalence relation of homotopy 
on the set of etale words over a. It is implied that homotopic etale words give 
rise to the same interlacement of letters of a with respect to r. The relation of 
homotopy is generated by three transformations or moves on nanowords. The 
first move consists in deleting two consecutive entries of the same letter. The 
second move has the form xAByBAz xyz where x, y, z are words and A, B are 
letters such that t(|A|) = \B\. The third move has the form xAByACzBCt 
xBAyCAzCBt where x, y, z, t are words and A, B, C are letters such that | A| = 
\B\ = \C\. These moves are suggested by the standard local deformations of plane 
curves, see Figure El 

We shall study properties and characteristics of words and etale words pre¬ 
served under homotopy. A number of methods developed in topology find an 
echo in this setting. The homological intersection theory of curves on surfaces 
suggests a family of homotopy invariants of nanowords (the self-linking function, 
the linking form, the linking pairing). The technique of Alexander matrices in 
knot theory leads us to modules and polynomial invariants of nanowords includ¬ 
ing a rather powerful invariant A. The technique of colorings of knot diagrams 
suggests a notion of a coloring for nanowords. The theory of knot quandles finds 
its analogue in the form of a-keis. The theory of virtual strings leads to so-called 
characteristic sequences of words. Other methods of low-dimensional topology 
may possibly apply in this setting. 

As an application of our algebraic methods, we give a homotopy classification 
of nanowords of length < 6. All nanowords of length 2 are contractible, i.e., 
homotopic to an empty nanoword. The classification of nanowords of length 4 is as 
follows: the nanowords of the form AABB or ABBA are contractible (by the first 
move); a nanoword of the form ABAB is contractible if and only if |A| = t{\B\); 
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two non-contractible nanowords ABAB and A'B'A'B' are homotopic if and only 
if |A| = \A'\ and \B\ = \B'\ iTheorem I8.4.1l> . The homotopy classification of 
nanowords of length 6 is more involved. Excluding those homotopic to nanowords 
of length < 4 by the first move, we obtain 5 families of nanowords of the form 

ABC ABC, ABCACB, ABCBAC, ABCBCA, ABACBC. 

We fully describe when such nanowords are homotopic to nanowords of length 
< 4 and when they are homotopic to each other lTheorem n.*h‘2.1ll . 

We also give a homotopy classification of words of length < 5 in the alphabet 
a (Theorems 19.0.11 and 19.0.211 . For t = id : a —> a this classification is especially 
simple: a word of length < 5, in which every letter appears at least twice or 
not at all, is non-contractible if and only if it has one of the following six forms: 
abab, abaab, baaba, aabab, babaa, ababa with distinct a,b £ a. Two words from this 
list are homotopic if and only if they coincide letter-wise. 

In the case where the alphabet a consists of two elements permuted by t, the 
notion of a nanoword over a is equivalent to the notion of an open virtual string 
introduced in |Tii1| . The results of the present paper generalize a number of 
results of |Tul| and of the subsequent paper by D. Silver and S. Williams IHHI on 
open virtual strings. In particular, the invariant A and the characteristic sequences 
generalize the invariants of open strings introduced by Silver and Williams. 

To make this paper accessible to readers not interested in topology, it is written 
in purely algebraic terms. Relations with topology will be discussed elsewhere. 

The papers consists of 4 parts. The first part (Sections 2 - 5) is devoted to 
the basics. We define etale words, nanowords, desingularization of etale words, 
homotopy and coverings of nanowords, and discuss a group-theoretic approach 
to nanowords. In the second part (Sections 6 -we construct linking invari¬ 
ants of nanowords and give a homotopy classification of nanowords of length 4 
and of words of length < 5. The third part (Sections EH ^ El) begins with a 
discussion of colorings of nanowords and proceeds to modules and polynomials 
of nanowords. Then we give a homotopy classification of nanowords of length 
6. In the fourth part fSections IHI - IT?^ we introduce a-keis and characteristic 
sequences of nanowords. They are used to distinguish certain nanowords of length 
6 from nanowords of length 4 and to accomplish thus the homotopy classification 
of nanowords of length < 6. 

Throughout the paper the symbol a denotes a set endowed with an involution 
T : a ^ a. 


2. Etale words and nanowords 

2.1. Words. An alphabet is a set and letters are its elements. A word of length 
n > 1 in an alphabet a is a mapping w : h —>■ a where h = {1, 2, ..., n}. Such a 
word is encoded by the sequence w(l)rc(2) • • ■w{n). For example, the sequence 
aba in the alphabet a = {a, b} encodes the word 3 ^ a sending 1, 2, 3 to a, b, a 
respectively. By definition, there is a unique empty word 0 of length 0. 

Writing down consecutively the letters of two words w and v we obtain their 
concatenation wv. For instance, the concatenation of re = abb and v = aa is the 








4 


VLADIMIR TURAEV 


word wv = abbaa. Writing the letters of a word w in the opposite order we obtain 
the opposite word w~ . For instance, if iw = abb, then w~ = bba. 

The multiplicity of a letter a € a in a word w : n ^ a is the number m = 
niwia) = cardji G n\w(i) = a}. We say that a appears m times in w. For 
example, niaabia) = 2 and maab{b) = 1. 

A monoliteral word of length m > 2 is the word aa - ■ ■ a formed by m copies of 
the same letter a € a. This word is denoted o’”. 

A mapping / from a set ai to a set a 2 induces a mapping from the set of 
words in the alphabet ai to the set of words in the alphabet a2- It is obtained 
by applying / letterwise. 

2.2. Etale words. The class of words in the alphabet a is too narrow for our 
purposes. We introduce here a wider class of etale words over a. 

An a-alphabet is a set A endowed with a mapping A ^ a called projection. 
The image of a letter A G A under the projection is denoted |A|. Any subset A! 
of an a-alphabet A becomes an a-alphabet by restricting the projection A ^ a 
to A'. 

A morphism of a-alphabets Ai, A2 is a set-theoretic mapping f : Ai ^ A2 
such that |A| = |/(A)| for all A € Ai- If / is bijective, then this morphism is an 
isomorphism. 

An etale word over a is a pair (an a-alphabet A, a word in the alphabet A). 
Two etale words {Ai, wi) and {A2, W2) over a are isomorphic if there is an 
isomorphism f : Ai ^ A2 such that W2 = f^(wi). The relation of isomorphism 
for etale words is denoted w. 

We define a product of etale word [Ai, ici) and {A2, W2) over a as follows. 
Replacing if necessary {Ai , wi ) with an isomorphic etale word we can assume that 
Ai n A 2 = 0. Then the product in question is the etale word (Ai U A 2 , W 1 W 2 ) over 
a. It is well defined up to isomorphism. Multiplication of etale words is associative 
and has a unit represented by an empty etale word in an empty a-alphabet. 

For each etale word (A, w), we have the opposite etale word (A, rc“) where 
w~ is the word opposite to w. For each a-alphabet (A,p : A ^ a), the inverse 
a-alphabet A is the same set A with projection rp : A ^ a where t : a ^ a 
is the fixed involution. The inverse of an etale word (A, w) over a is the etale 
word w = iA,w). An etale word w is symmetric (resp. skew-symmetric) if it 
is isomorphic to w~ (resp. to W~). For instance, vv~ is symmetric and vv~ is 
skew-symmetric for any etale word v. 

Each word w in the alphabet a gives rise to an etale word (A = a, w) over 
a where the projection A ^ a is the identity. In this way, etale words over a 
generalize words in the alphabet a. 

Warning: concatenation of words in the alphabet a differs from multiplication 
of the corresponding etale words. For instance, for the words abb and aa in the 
alphabet a = {a, b}, the corresponding etale words are (Ai = {A, B}, ABB) with 
A| = a, \B\ = b and (A 2 = {C},CC) with \C\ = a. Their product is the etale 
word {{A,B,C},ABBCC) with |A| = \C\ = a, \B\ = b. On the other hand, the 
etale word corresponding to abbaa is {{A, Bj, ABBAA) with |A| = a, \B\ = b. 
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2.3. Gauss words and nanowords. A word w in a finite alphabet A is a Gauss 
word if every letter of A appears in w exactly twice. For instance, ABAB is a 
Gauss word in the alphabet {A, B} while ABA and AA are not Gauss words in 
this alphabet. If A consists of N letters, then there are (27V)! Gauss words in the 
alphabet A. Note that concatenation of two or more Gauss words in a non-empty 
alphabet is never a Gauss word. 

A nanoword is an etale Gauss word. More precisely, a nanoword over a is a 
pair (a finite a-alphabet A, a Gauss word in the alphabet A). The length of this 
nanoword is the length of the Gauss word in question, i.e., 2card(A). 

The set of nanowords over a is denoted 7V(a). Two nanowords are isomorphic 
if they are isomorphic as etale words. Observe that the etale word opposite or 
inverse to a nanoword is a nanoword. The product of two nanowords is a nanoword 
(defined up to isomorphism). An empty etale word in an empty a-alphabet is a 
nanoword called the empty nanoword. 

Instead of writing (A, w) for a nanoword over a, we shall often write simply 
w. The alphabet A can be uniquely recovered from w as the set of all letters 
appearing in w. However, the projection A ^ a should be always specified. 

Each Gauss word ru in a finite alphabet a gives rise to a nanoword (A = a, w) 
over a where the projection A —> a is the identity. In this way, nanowords over 
a generalize Gauss words in the alphabet a. 

2.4. Example. Let a = {a, 6} with involution permuting a and b. Let A = 
{Ai,A 2 ,i?i} with I All = IA 2 I = a,\Bi\ = b. Then (A, Aii3iAiA2A2i?i) is a 
nanoword over a. The opposite nanoword is (A, B 1 A 2 A 2 A 1 B 1 A 1 ) and the inverse 
is (A, Aii?iAiA2A2i3i) where A = {Ai, A 2 ,i?i} with |Ai| = IA 2 I = b, \Bi\ = a. 

2.5. Desingularization. For an etale word (A, w) over a, we define a nanoword 
{A‘^,w‘^) over a called the desingularization of w. The alphabet A'^ consists of 
the triples {A,i,j) where A S A and I < i < j < m^{A) where m^iA) is the 
multiplicity of A in w. For brevity, we write Aj ^ for (A, f, j). We make A'^ into an 
a-alphabet by \Aij \ = \A\ G a for all A, z, j. The word w‘^ is obtained from w by 
first deleting all A G A with mw{A) = 1. Then for each A G A with mw(A) > 2 
and each i = 1,2,..., TOu)(A), we replace the z-th entry of A in zu by 

Aiy A2y * ■ * Aj_ 1 j Aj^l_l_l Ai j^2 ’ ’ ' (.4) • 

The resulting word w‘^ in the alphabet A'^ is a Gauss word so that (A'^, w‘^) is a 
nanoword of length “ 1)- example, if w = AABABC, 

then A'^ = {Ai^ 2 , Ai^3, A2,3, 51 ^ 2 } and w‘^ = Ai^2Ai_3Ai^2A2,3i3i,2Ai_3A2,3i3i^2- 

The desingularization may considerably increase the length of a word but this 
is the price to pay for obtaining a Gauss word. If zc is a nanoword, then w‘^ « w. 
If zu = 0, then w‘^ = 0. It follows from the definitions that {wiW 2 )‘^ = zcfzc^ for 
any etale words zz;i,zz; 2 , w‘^ = w‘^, and {w~Y « for any w. (The latter 

isomorphism sends Aij to for all A, z, j). 


3. Homotopy 
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3 . 1 . Homotopy moves. To define homotopy of nanowords we fix a homotopy 
data consisting of a set a with involution t : a ^ a and a set S' C = a x a x a. 
Given this data, we define three transformations of nanowords over a called S- 
homotopy moves or, when S is fixed, homotopy moves. 

( 1 ) . The first move applies to any nanoword of the form {A,xAAy) where 
A & A and x, y are words in the alphabet A' = A—{A}. It transforms {A, xAAy) 
into the nanoword (A', xy) where the structure of an a-alphabet in A! is obtained 
by restricting the one in A. Note that xy is a Gauss word in the alphabet A'. 

The inverse move {A', xy) (A' U {A}, xAAy) adds a new letter A to A' with 
arbitrary \A\ G a and replaces the Gauss word xy in the a-alphabet A' with 
xAAy. 

(2) . The second move applies to a nanoword of the form {A, xAByBAz) where 
A,BgA with \B\ = t(|A|) and x, y, z are words in the alphabet A' = A—{A, B}. 
This nanoword is transformed into {A!, xyz) where the structure of an a-alphabet 
in A' is obtained by restricting the one in A. 

The inverse move [A', xyz) [A' U {A, B}, xAByBAz) adds two new letters 
A,B to A' with arbitrary |Gl| G a and \B\ = r(|A|) and replaces the Gauss word 
xyz in the alphabet A' with xAByBAz. 

( 3 ) The third move applies to a nanoword of the form {A, xAByACzBCt) 
where A,B,C G A are distinct letters with (|A|, \B\, |G|) G S and x,y,z,t are 
words in the alphabet A — {A,B,C} such that xyzt is a Gauss word in this 
alphabet. The move transforms {A,xAByACzBCt) into {A,xBAyCAzCBt). 
The inverse move transforms {A,xBAyCAzCBt) into {A,xAByACzBCt). It 
applies if (|A|, \B\, IC'D G S. 


3.2. Homotopy of nanowords. Homotopy is the equivalence relation in the 
class of nanowords generated by isomorphism and the homotopy moves. For a 
homotopy data (a, S'), two nanowords over a are S-homotopic if they can be 
obtained from each other by a finite sequence of S-homotopy moves (1) - (3), the 
inverse moves, and isomorphisms. The relation of S-homotopy is denoted ~s. A 
nanoword S-homotopic to an empty nanoword 0 is said to be S-contractible. All 
these notions crucially depend on the choice of r : a ^ a and S. 

The set of S-homotopy classes of nanowords over a is denoted A/"/(a) = 
Af{a)/ ~s. Multiplication of nanowords is compatible with S-homotopy: if 
nanowords W\,W 2 are S-homotopic to nanowords w'l, W 2 , respectively, then W 1 W 2 
is S-homotopic to Multiplication of nanowords makes (a) into a monoid 

with unit represented by 0. If S is invariant under the involution r x r x r on a^, 
then nanowords inverse to S-homotopic nanowords are themselves S-homotopic. 
If S is invariant under the involution (a,5, c) 1 —> (c, 6, a) on then nanowords 
opposite to S-homotopic nanowords are S-homotopic. 

A nanoword w is S-homotopically symmetric (resp. S-homotopically skew- 
symmetric) if w w~ (resp. if w w~). Glearly, (skew-) symmetric nanowords 
are S-homotopically (skew-) symmetric. S-contractible nanowords are S-homoto- 
pically symmetric and skew-symmetric. If nanowords w, w' are S-homotopic, 
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then w'w~ is S'-homotopically symmetric and w' w~ is S'-homotopically skew- 
symmetric. 

For a nanoword w, let ||rc||s be half of the minimal length of a nanoword 
homotopic to w. This defines a Z-valued “norm” || ■ ||s on A/",^(a) whose value on 
an 5'-homotopy class of nanowords is half of the minimal length of a nanoword 
in this class. Clearly, ||rc||s = 0 if and only if w is 5'-contractible. Since all 
nanowords of length 2 are 5'-contractible, the function || • Us does not take the 
value 1. It is obvious that ||wiW 2 ||s < ll'u^ills + l|ii' 2 ||s for any wi,W 2 - 

Lemma 3.2.1. Let A, B, C be distinct letters in an a-alphabet A and let x, y, z, t 
be words in the alphabet A — {A,B,C} such that xyzt is a Gauss word in this 
alphabet. Then 

(i) {A,xAByCAzBCt) {A,xBAyACzCBt) if {\A\,t{\B\), \C\) S S, 

{ii) {A,xAByCAzCBt) ~s {A,xBAyACzBCt) if {t{\A\),t{\B\), \C\) e S', 


{Hi) {A,xAByACzCBt) {A,xBAyCAzBCt) if (lAl, t(|B|), rdCD) G S. 

Proof. Pick two symbols D, E not belonging to A. 

We verify (i). Set \D\ = |i?| G a and \E\ = t{\B\) G a. Applying an inverse 
(2)-move inserting • • • DE ■ ■ ■ ED ■ ■ ■ and an inverse (3)-move we obtain 

{A, xAByCAzBCf) ~s {A U {D, A}, xDEAByCAzBCEDt) 

~s {A U {D, E}, xDAEByACzBECDt) 

where for visual convenience the letters modified by the inverse (3)-move are un¬ 
derlined. Here we use that (|A|, \E\, IC'D G S. Applying to the resulting nanoword 
a (2)-move removing B, E we obtain the nanoword (AU{I1}—{H}, xDAyACzCDt). 
It is isomorphic to {A,xBAyACzCBt). 

We verify (ii). Set \D\ = r(|A|) and \E\ = |A|. Applying an inverse (2)-move 
inserting • • • DE ■ ■ ■ ED ■ ■ ■ and an inverse to the homotopy (i) we obtain 

{A, xAByCAzCBt) ~s (Si U {D, E}, xA BD EvE DC Az CB t) 

~s {A U {D, E}, xADBEvECDAzBCt) {A U {E} - {A}, xBEyECzBCt). 

The latter nanoword is isomorphic to {A,xBAyACzBCf). 

To prove (iii), set \D\ = |C| and \E\ = r(|C|). Then 

xAByACzCBt -g x ABv DEACzCBEDt xBAvDAECzCEBDt 
~s xBAyDAzBDt « xBAyCAzBCt. 

□ 

Lemma 3.2.2. Suppose that Sr]{axbxb) ^0 for all 6 G a. Let (A, xAByABz) 
be a nanoword over a where A,BgA with \B\ = t(|A|) and x,y,z are words in 
A — {A, B}. Then (A, xAByABz) cxg (A — {A, B}, xyz). 
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Proof. Set b = \B\ £ a. By assumption, there is e S a such that (e,6, 6) € S. 
Pick a symbol E not belonging to A and set \E\ = T(e). Then 

{A, xAByABz) ~s {A U {E}, x AE EB y AB z) ~s {A U {E}, xE AB Ey BA z) 

~S {A U {E} - {A, B}, xEEyz) ~s {A - {A, B}, xyz). 

Here the second homotopy is provided by item (ii) of the previous lemma where 
A, B, C are replaced with E, A, B, respectively. We use that (t(|£'|), t(|H|), |H|) = 
ie,b,b)eS. □ 

3.3. Homotopy of etale words. We say that etale words tci, W 2 over a are S- 
homotopic and write wi W 2 if wf w^- Clearly, isomorphic etale words are 
S'-homotopic. S'-homotopy is an equivalence relation in the class of etale words. 
For nanowords, this relation of S-homotopy coincides with the one defined above. 
Every 5'-homotopy invariant I of nanowords extends to an S'-homotopy invariant 
I‘^ of etale words by I‘^{w) = In particular, the S-norm of an etale word 

w is defined by ||w ||5 = ||u;‘^||s. 

An etale word w is S-contractible (resp. S-homotopically (skew-) symmetric) 
if the nanoword is ^'-contractible (resp. S'-homotopically (skew-) symmetric). 
Since words in the alphabet a may be treated as etale words, we can apply to 
them all these definitions. 

Although there are various interesting choices for 5, we focus here on one 
simplest S. In the remaining part of the paper we assume that S is the diagonal 
of o? that is S' = {(a, a, a)}aGa- In other words we allow the third homotopy move 
(A, xAByACzBCt) i-^- (A, xBAyCAzCBt) and the inverse move if and only if 
|A| = \B\ = |C|. Under this convention, we shall omit the prefix S- and speak 
simply of homotopy rather then S-homotopy. We shall also omit the index S and 
write l|.||,7\/’,(a) for IMIS) A/’,^(a). Note that S Ci {a x b x b) = {b,b, b) for 
b £ a so that we can apply Lemma, 13.2.21 

The principal aim of the homotopy theory of nanowords is a computation of 
Aft (a). As a step in this direction, we shall construct several homotopy invariants 
of nanowords. They will often allow us to distinguish nanowords up to homotopy 
and to decide whether a given nanoword is homotopically (skew-) symmetric or 
homotopic to its inverse. A related problem is a computation or at least an 
estimate for || • ||. 

The following lemma shows that for words in a given alphabet, the relation of 
homotopy does not change under a passage to a bigger alphabet. 

Lemma 3 . 3 . 1 . Let (3 be a r-invariant subset of a. If two Stale words over (3 are 
homotopic in the class of Stale words over a, then they are homotopic in the class 
of Stale words over (3. 

Proof. Given an etale word (A, rc) over a we define its pull-back to (3 to be the 
etale word over (3 obtained by deleting from both A and w all letters A £ A 
with I A| £ a — (3. The pull-back commutes with desingularization and transforms 
isomorphic (resp. homotopic) etale words over a into isomorphic (resp. homotopic) 
etale words over (3. 
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Observe that any equivariant mapping of sets with involution f : a' ^ a 
induces a mapping : M{a') M{a) by f^{A,p : A ^ a', w) = {A, fp : 
A ^ a,w). Clearly, transforms isomorphic (resp. homotopic) nanowords into 
isomorphic (resp. homotopic) nanowords. Denote the induced mapping TV, (a') —> 
M,{a) by /,. The composition of /, with the pull-back to f{a') C a is the 
mapping A/’,(a') ^ TV, (/(a)) induced by /. If / is injective, then the latter 
mapping is an isomorphism and therefore /, is injective. Applying this to the 
inclusion /3 a, we obtain the claim of the lemma. □ 

3.4. Examples. 1. The nanoword {A = {A],AA) is contractible for any choice 
of |A| € a. The nanowords ABBA and AABB (in the alphabet {A, B}) are 
contractible for any |A|, \B\ G a. The nanoword ABAB is contractible provided 
A| = T(|i3|). The nanoword ABCDABCD (in the alphabet {A,B,C,D}) is 
contractible provided either |A| = r(|i?|) and \C\ = t{\D\) or \B\ = t(|C|) and 
|A|=r(|D|). 

2. A more sophisticated example: the nanoword ABCDEFBGDHFAGCHE 
is contractible provided \A\ = \B\ = |F| = rdCj) = t{\D\) = t(|G|) (the elements 
\E\, \H\ G a may be arbitrary). Indeed, applying I;emma, l3.2.1 f iii ), T;emma r3.2.2l 
and the first homotopy move we obtain 

ABCDEFBGDHF AGCHE ~ ACBDEFGBDHFACGHE 
~ BDEFGBDHFGHE ~ BDEBDHHE ~ EH HE ~EE~%. 

Note that there is no way to apply to the nanoword ABCDEFBGDHF AGCHE 
the first or second homotopy moves; to contract this nanoword one needs the third 
homotopy move. 

3. Let a S a be a letter such that r(o) = a. We show that the monoliteral 
words 0 ^, 0 ^, a® are contractible. The etale word corresponding to = aaa is 
{A = a, aaa) and the desingularization yields the nanoword —12—13—12—23—13—23 
where we write —ij for aij. We have 

-12-13-12-23-13-23 ~ -13 -12-23-12-23 -13 ~ -13-13 ~ 0. 

Here is a contracting homotopy for the desingularization of a'^ = aaaa: 

-12-13 -14 -12-23 -24 -13-23 -34-14-24-34 
~ -13 -12-14 -23 -12-24 -23 -13 - 34 -14-24 -34 
--13-14 -12-23 -24 -12-23 -13-34-24-14-34 
--13 -14-24 -13-34 -24-14 -34 --13-13-34-34- 0. 

Here is a contracting homotopy for the desingularization of a® = aaaaa: 
-12-13 -14-15 -12-23 -24-25 -13-23 -34-35-14-24-34-45-15-25-35-45 
--13 -12-14 -15-23 -12-24 -25-23-13-34-35 -14-24 -34-45-15-25-35-45 
- -13-14 -12-15 -23-24 -12 - 25 -23-13-34-35-24-14-34-45 -15 - 25- 35-45 
--13-14-15 -12-23 -24-25 -12-23 -13-34-35-24-14-34-45-25-15-35-45 
- -13-14 -15-24-25 -13-34 -35-24 -14-34 -45-25-15-35-45 
~-14-13-15-24-25-34-13-35-24-34-14-45-25-15-35-45 
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--14-15 -13-24 -25-34-35 -13-24 -34-14-45-25-35-15-45 

~ -14-15 -25-34-35-34 -14-45 -25-35 -15-45 

--15 -14-25 -34-35-34-45 -14-25 -35-45-15 

~ -15 -34-35-34-45-35-45 -15 

- -15-35 -34-45-34-45 -35-15 ^-34-45-34-45- 0. 

Uisng a topological argument one can show that o’” is contractible for all m > 2. 
(One can realize the desingularization of a™ as the Gauss word of a generic closed 
curve in and use that all curves in are contractible). 

4. Let a e a be a letter such that T{a) ^ a. Set b = T{a). Then the word 
w = ababa is contractible. Indeed, the desingularization yields the nanoword 

{ A ‘^ = { ai ^2, 01.3, 02.3, ^1,2}, = 01.201,3^1,201,202.3^1,201.302.3) 

where \aij\ = a for all i,j and |&i, 2 | = b. We have 

w '^ = O1.2O1.3 61,2O1. 202 ,3&I, 201 , 302 ,3 — 01,301,201,261,202,301,361,202,3 

— 01,361,202,301,361,202,3 — 02,302,3 — 0 - 

5. Let o e a be a letter such that T(a) ^ a. Set 6 = r(o). Then the words 
aabab, babaa, and baaab are pairwise homotopic and homotopic to the nanoword 
w = AA'AA' with \A\ = \A'\ = a: 

{aababY = 01 , 201 , 301 , 2 02 , 361 , 2 01 , 3 02 , 361,2 - 01 , 201 , 301 , 201,3 « w, 

{babaaY = 61 , 201 , 201 , 361 , 201 , 202 , 301 , 302,3 — 01 , 302 , 301 , 302,3 « w. 

{baaab)'^ = 61 , 201 , 201 , 301 , 202 , 301 , 302 , 361,2 — 61 , 201 , 301 , 202 , 301 , 202 , 301 , 361,2 ~ w. 

The word aabab is not symmetric but is homotopically symmetric since {aabab)~ = 
babaa ^ aabab. 

3.5. Remarks. 1. In analogy with the theory of framed knots in topology, one 
can define a framed homotopy move on nanowords (.4, xAAyBBz) 1 —> (.4, xyz) 
which applies when |4.| = T(|i?|). This move together with homotopy moves 
of types 2 and 3 generates an equivalence relation on nanowords called framed 
homotopy. It is stronger than homotopy. We shall not study framed homotopy 
here. 

2. One can generalize the second homotopy move {A,xAByBAz) 1 -^ (^ — 
{A, B},xyz) allowing it whenever the pair (lAj, |i?|) lies in a fixed subset of c?. 
We study here only the case where this subset is the graph of r. 

3. A homotopy automorphism of an etale word w over a is a r-equivariant 
permutation f : a ^ a such that f^{w) ~ w. The classification theorems below 
allow to compute the group of homotopy automorphisms for words of length < 5 
and nanowords of length < 6. 

4. It is possible that all etale words over a 1-element alphabet are contractible; 
at least I do not know obstructions to this. 
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4. Homomorphism 7 

We introduce an elementary homotopy invariant of nanowords over a. The 
idea is to associate with a nanoword an element of a group generated by elements 
of a. 

4.1. Group n and homomorphism 7 . Recall that an orhit of the involution 
T : a a is a, subset of a consisting either of one element preserved by r or of two 
elements permuted by t; in the latter case the orbit is free. Let H be the group 
with generators {za}aea and defining relations ZaZT(a) = 1 for a G a. It is clear 
that n is a free product of k infinite cyclic groups and I cyclic groups of order 2 
where k is the number of free orbits of t and I is the number of fixed points of r. 
The formula Za > ZT(^a) defines an involutive automorphism of H denoted r*. 

Consider a nanoword {A,w : n ^ A) over a. For i = 1, set 7 ^ = 2 :|u,(i)| 
if i numerates the first entry of iu(i) in w, that is if iu(i) w{j) for j < i. 
Otherwise, set 7 ^ = Zr(\w(i)\) = (■Z|™(i)|)“^- Set j{w) = 71 ••• 7 „ G H. For 
example, if ic = ABAB with |^| = a G a, \B\ = b G a, then 7 (w) = ZaZbZf^z'^^. 
It is easy to check that 7 (ic) is invariant under homotopy moves on w. This 
provides an efficient and easily computable homotopy invariant of nanowords. 
The mapping w 1 -^ 7 (rc) defines a monoid homomorphism 7 : A/”, (a) ^ H such 
that 7 (rc) = r*( 7 (rc)) and 'y(w~) = ( 7 (w))~^ for any w. 

Lemma 4.1.1. 7(Af,(a)) = [n,n]. 

Proof. It is obvious that the composition of 7 with the projection H ^ n/[n,n] 
is a trivial homomorphism. Hence 7 (A/',(a)) C [n,n]. To prove the opposite 
inclusion, pick a set ao C a meeting each orbit of r in one element. The group 
H can be presented by the generators {zajaGao defining relations ZaZa = 1 
for all a G ao such that T(a) = a. Each element of [H, H] can be presented 
by a word W in the alphabet {zf;^}a&ao in which every Za appears with total 
power 0. Partition the entries of z^^ in W into pairs {za,zf^) or {zf^,Za) in 
an arbitrary way and let Sa be the resulting set of pairs. For a pair A G Sa, set 
|A| = a if the first entry of this pair is Za and set |gI| = r(a) if the first entry 
of this pair is zf^. This makes the set A = HaSa into an a-afphabet. Replacing 
in W each entry z^^ with the only A G Sa containing this entry we obtain a 
nanoword {A,w) such that j(w) = W. For example if IF = z^z^^zf^zbzf^, then 
{A = {Ai, A 2 , B},w = A 1 A 2 BA 1 BA 2 ) with |Ai| = IA 2 I = a, |i?| = t(5) is a 
nanoword such that 7 {w) = IF. □ 

The commutator group [H, H] is a free group for any r. Its rank is infinite if 
(in the notation above) A: > 2 or fc = I and I > I. If fc = 1 and I = 0, then 
[H, H] = 1. If fc = 0, then [H, H] is a free group of rank 2*“^(/ — 2) + 1. One way 
to see it goes by realizing H as the fundamental group of the connected sum X 
of I copies of RP^ and observing that the maximal abelian covering of X has the 
same fundamental group as a connected graph with 2^~^l vertices and — 1 ) 
edges. 
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If T has at least two orbits, then Lemma 14.1.11 implies that Aft{a) is an infinite 
monoid. If r has at least three orbits, then Lemma [4.1.11 implies that M,{a) is 
non-abelian. 

4 . 2 . Homomorphism 7 '. It is sometimes sufficient to consider a weaker invari¬ 

ant 7 ' : A/", (a) ^ n' where 11' is obtained from 11 by adding relations ZaZa = 1 
for all a and 7 ' is the composition of 7 with the projection 11 —» 11'. To give an 
example, pick an integer m > 1 and elements a,b G a lying in different orbits 
of r. Then ZaZf, G 11' is an element of infinite order and {zaZi,)~^ = zi,Za in 11'. 
Consider the nanoword Wm = A 1 B 1 A 2 B 2 ■ ■ ■ AmBmAiBiA 2 B 2 ■ ■ ■ AmBm with 
m > 1 and \Ai\ = a,\Bi\ = b for all i. It is clear that j'{wm) = {zaZbY'^■ There¬ 
fore the nanowords {wm}m are non-contractible and mutually non-homotopic. 
The opposite nanowords re” = BmAm ■ ■ ■ BiAiBmAm ■ ■ ■ BiAi are also mutu¬ 
ally non-homotopic and homotopically distinct from {wm}m- Indeed = 

(ci'(wm))~^ = {zbZaY"" = {zaZb)~‘^"^ for any m > 1. 

We use 7 ' to associate with any nanoword w a function /i„, : d x d —> Z where 
d = a/r is the set of orbits of r. The orbit {a,T(a)} of a G a will be denoted 
a. Pick a,b G a. If a = 6 , then iJL^(a,b) = 0. Suppose that a and b lie in 
different orbits. Consider the group Hq = {x,y\x^ = y'^ = 1) and the group 
homomorphism p : 11 ' ^ Ho such that p{za) = p{zT(a)) = x, p{zb) = p{zt(j,-^) = y, 
and p{zc) = 1 for all other c G a. Observe that [no,no] is an infinite cyclic 
group generated by xyxy = {yxyx)~^. Since p^'{w) G [Ho,Ho], there is a unique 
m G Z such that prj'{w) = (xyxy)"^. Set pw{a,b) = m. It follows from the 
definitions that the mapping : d x d —> Z is skew-symmetric in the sense that 
p{a,b) = —p(b,a) for all a,b G a. Since 7 '(w) is a homotopy invariant of w, so 
is pw Note that PwiW 2 = Pwi + Pw^ for any nanowords rci, W 2 - For w = ABAB 
with |yl| = a G a, \B\ = b G a lying in different orbits of r, the function takes 
values 1 and —1 on the pairs a,b and &, a, respectively, and the value 0 on all 
other pairs. This implies that every skew-symmetric mapping d x d ^ Z is the 
p-function of a nanoword over a. 

4.3. Homomorphism 7 . A more careful approach yields the following refined 
version of 7 . Let 11 be the group with generators {zajaea and defining relations 
ZaZr{a)Zb = ZbZaZ^(a) for all fl, 6 G «. The formula Za Za defines a projection 
n ^ n. Replacing Za with Za in the definition of 7 , we obtain a lift of 7 to a 
monoid homomorphism 7 : A/",(a) ^ n. Clearly, 7 (A/',(a)) C [11,14]- 

Despite many nice features, the homomorphisms 7 , 7 ', and 7 often fail to 
distinguish homotopy classes of nanowords. For example, as we shall see in Sect. 
10 the nanoword w = ABAB with |A| = |i?| 7 ^ "rdAD is non-contractible but 
obviously ^{w) = 1 . 


5. Coverings of nanowords 

We define for each nanoword a family of nanowords called its coverings. 
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5.1. Group TT and interlacement of letters. Let tt = 71 ( 0 , r) be the multi¬ 
plicative abelian group with generators {a}aea and defining relations a r(o) = 1 
for all a € a. Clearly, tt = 11/[11,11] where 11 is the group considered in Sect. 14.11 
The group tt is a direct product of copies of Z/2Z numerated by {a S a | T(a) = a} 
and copies of Z numerated by free orbits of r. 

Consider a nanoword {A, w) over a. We say that two letters A, B G A are 
w-interlaced if 

yj = ... A - ■ ■ B ■ ■ ■ A - ■ ■ B ■ ■ ■ or w = ■ ■ ■ B ■ ■ ■ A - ■ ■ B ■ ■ ■ A- ■ ■ . 

Set in the first case n^iA, B) = 1 Gh and in the second case UwiA, B) = —1 € Z. 
For all other pairs of letters A,B € A, we set nyj{A^B) = 0 G Z and say that 
A,B are w-unlaced. Note that nyj{A,B) = —nyj{B^A) and nyj{A,A) = 0. For 
any A & A, set 

= n e 

5.2. Coverings. By an a-family of subgroups of tt, we mean a family H = {Ha C 
7r}aea where Ha is a subgroup of tt such that Ha = HT(^a) for all a. For a nanoword 
{AtW) over a, consider the nanoword {A^,w^) over a obtained from (.4,w) by 
deleting from both A and w all letters A such that [A\a] ^ H\a\- It is called the 
H-covering of {A, w). 

Lemma 5 . 2 . 1 . If two nanowords are homotopic, then their H-coverings are ho¬ 
motopic. 

Proof. It is clear that iL-coverings of isomorphic nanowords are isomorphic. It 
remains to prove that if a nanoword v is obtained from a nanoword w by a 
homotopy move then is obtained from by a homotopy move. Consider the 
move w = {A,xAAy) 1 -^ (^ — {A},xy) = v. Then nw(,A,B) = na]{B,A) = 0 for 
all B G A. Hence [B]^] = [B]^ for any B G A — {H} and [Hj^, = 1 G tt. Therefore 
A survives in and the nanoword is obtained from by deleting A, i.e., 
by the first homotopy move. 

Consider the move w = {A, xAByBAz) 1-^ {A — {A, B}, xyz) = v where |H| = 
a G TT and \B\ = T{a). It follows from the definitions that naj{A,B) = 0 and 
nw{A,C) = na,{B,C) for all C G .4 — {A,B}. Therefore [A\a, = [B]yj. Observe 
also that for C G .4 — [A, B}, 

[C]a, [G]-^ = \a\^AC,a)^^^u^(c,b) ^ ^ 

Hence [G]u, = [C]^. Therefore in the case [A\a, ^ Ha, we have and 

in the case [A\a, G Ha, the nanoword is obtained from by the second 
homotopy move. 

Consider the move w = (.4, xAByACzBCt) 1 -^ {A, xBAyCAzCBt) = v. Set 
a = |4| = \B\ = |G| G a. It is clear that for D G A — [A, B, C} and E G A, we 
have nw{D,E) = nv{D,E). Thus [D]^, = [D\y. Therefore D either disappears in 
both or survives in both . For D G {A, B, C{, the sum na,{D, A) -\- 

nw{D, B) -\- na]{D, C) is preserved under the move. The product 
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is also preserved. This implies that [D]^, = [D]y. We claim that [^]u,[C]u, = [B]^. 
To see this, set x *y = ^ where E runs over the letters which appear 

both in X and in y. The expressions y*z,y*t, etc. are defined similarly. It follows 
from the definitions that 

[B]^ = a-»(B.A)+n„(B.B)+n„(B,C)(y ^ ^ ^ ^ 

= {y * t){z * t){x * y)~^{x * z)~^, 

[C]^ = = a-^{z*t){x*z)-^{y*z)-\ 

These computations imply that [A],u[C']u, = There are three possibilities: 

the elements [A\w^ [B]w^ [C]w G tt belong to Ha\ exactly one of them belongs to 
Ha\ neither of them belongs to Ha- In the first case is obtained from by 
the third homotopy move. In the second and third cases . □ 

Note that {w~)^ = {w^)~, , {ww')^ = {w')^ for any nanowords 

w, w'. 

Any T-invariant subgroup H oi tt determines an a-family of subgroups of tt by 
Ha = H for all a G a. This family is denoted by the same symbol H. 

The following example shows that homotopy invariants of the coverings can be 
efficiently used to distinguish homotopy classes of nanowords. 

5.3. Example. Set a = {a, 5} with r = id. Consider the nanoword w = 
A1B1B2A2A1A3B1A3A2B2 with I Ail = a and \Bj\ = b for all i,j. We have 
TT = 7 r(a,r) = (a, 6 |a^ = = l,ab = ba), [AiJ^, = a G tt, [Aaju, = b G n 
and [A2]w = [Bi]w = [B2]w = ab G tt. Let H = {l,o 6 } C tt. Then = 
B1B2A2B1A2B2. Clearly, ^{w^) = ZaZtZaZb ^ 1 and y^H{a,b) = 1 . Thus w 
is non-contractible. All the invariants of w defined in Sect. 21 are trivial since 
7(w) = 1. 


6. Self-linking 

Starting from the notion of linking (or interlacement) of letters in a word, we 
construct a family of polynomial invariants of nanowords. 

6 . 1 . Self-linking class. Let tt = 7r(a, r) be the group defined in Sect. o Recall 
that given a nanoword (A, w) over a, we associate with every A G A an element 
[A]u, of TT, see Sect. 15.11 Set Aw = {A G A | [A\w ^ 1 }. For a letter a G a, define 
its self-linking class by 

[a]u; = ^ ^ [A].UJ G ^TT 

AeA™,|A|=a 

where Ztt is the group ring of tt with integer coefficients. By definition, the neutral 
element 1 G tt appears in this expression with coefficient 0. The key property of 
the self-linking class is provided by the following theorem. 
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Theorem 6 . 1 . 1 . If T(a) = a, then [a]u,(mod 2) £ (Z/ 2 Z) 7 r is a homotopy in¬ 
variant of w. If T{a) a, then [a]u, — [r(a)]u, £ Ztt is a homotopy invariant of 

w. 

Proof. It is obvious that isomorphic nanowords give rise to the same self-linking 
class for all a £ a. Consider the first homotopy move w = {A, xAAy) ^ {A— 
{A}^xy) = V. As was shown in the proof of Lemma f5. 2. II [i?]^ = \B]y for any 
B £ A — {A} and = 1. Therefore [a]^, = [aj^, for any a £ a. 

Consider the move w = {A, xAByBAz) i—> (A. — {A, S}, xyz) = v where |A| = 
t(|_B|). By the proof of Lemma [^.2AI [A\yj = [Bjy^ and [C]^ = [C]v for C £ A — 
{A, B}. This implies that if a £ a — {|A|, |-B|}, then [a]u, = [a]„. If a = |A| = \B\, 
then A,B contribute [A]u, -|- [B\w = 2[A]w to [a]u, so that [a]u, = [a]„(mod2). If 
a = |A| 7 ^ T(a) = \B\ then A,B contribute [A]^ — [B]^ = 0 to [a]w — [T(a)]u, so 
that [a]u) - [T(a)]u, = [a]„ - [T(a)]„. 

Consider the move w = (A, xAByACzBCt) (A, xBAyCAzCBt) = v. By 
the proof of Lemma [^.2AI [£>]„, = [D]y for any D £ A. Hence = [a]^ for all 
a £ a. □ 

6.2. Self-linking function. Theorem Em suggests the following definitions. 
For a £ a, set Ra = Z/2Z if T(a) = a and Z^ = Z if r(a) a. Consider the 
system of commutative rings {RaT^}a^a- By a section of this system we mean 
a mapping which assigns to every a £ a an element of i?o'T. Each nanoword w 
determines such a section by u“'(a) = [a]u,(mod 2 ) £ Rair if r(a) = a and 
u^{a) = [a]u, — [T(a)],„ £ i?a 7 r if T(a) ^ a. By Theorem 16. 1.11 u*", also denoted 
u{w), is a homotopy invariant of w. It is called the self-linking function of w. If 
w is contractible, then = 0 . 

It is clear that u^{T{a)) = —u^{a) for all a. Therefore the function u'^ is 
entirely determined by its restriction to any set ao C a meeting every orbit of 
T in exactly one element. We call such ao an orientation of r. Given ao and 
a £ ao, we can view vP{a) as a Laurent polynomial as follows. Any element of 
TT expands as ribeao with ms £ Z. The integer ms is uniquely determined 
if t(&) 7 ^ b and is determined modulo 2 if t(6) = b. The elements of RaPr (and 
in particular vP{a)) are just Laurent polynomials with coefficients in Ra in the 
commuting variables b £ ao subject to 6 ^ = 1 for r(&) = b. 

For a nanoword w obtained as the product of nanowords wi and W 2 , we have 
u^{a) = u^^{a) -\- u'^'^{a) for all a £ a. This follows from the definitions and 
the fact that letters of wi and W 2 are unlaced in w. Thus the formula w u™ 
defines a monoid homomorphism from A/", (a) to the additive group of sections of 
the system {RaT^}a^a- We describe the image of this homomorphism in the next 
subsection. 

To compute the self-linking function of the opposite nanoword w~, observe 
that [a]„- = [a]u, for any a £ a where the overbar denotes the involution in Rair 
sending elements of tt to their inverses. Therefore u(w~) = u{w). For the inverse 
nanoword w, we have the identity [ajuj = [T(a)]u,. Therefore u(w) = —u{w) and 
u{w~) = —u{w). In other words u{ww~) = 0 for all w. If w is homotopically 
skew-symmetric, then u“'(a) = 0 for all a £ a such that r(a) 7 ^ a. 
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The self-linking function can be used to estimate ||w|| from below. If w is 
homotopic to a nanoword of length 2m, then for any a € a, the element u^{a) G 
RaT^ is an algebraic sum of monomials in the generators {6}&gQ C tt of degree 
< m — 1. 

6.3. Characterization. Consider the following characterization problem: given 
an orientation oq C a, when a system u = {u(a) S Ra'^}aeao is the self-linking 
function of a nanoword ? We call such a system a section of {i?a7i‘}oGao • Denote by 
Sa the additive homomorphism RaTT —> Ra sending 1 G tt to 1 S Ra and sending all 
other elements of tt to 0. For a,b G ao, set Ra,b = Z if T(a) ^ a and t(&) ^ b and 
Ra,b = Z/2Z otherwise. (Clearly = Ra ^ Rb and Ra,a = Ra)- Let db be the 
additive homomorphism RaTT —>■ Ra,b sending a monomial Ilbeao 
say that a section u of {RaTT^a^ao is skew-symmetric if Sa(u(a)) = da(u(a)) = 0 
for any a G ag and daiu{b)) db(u(a)) = 0 for any a,b G ag. 

Theorem 6.3.1. A section o/{i?a TrjoGao is the self-linking function of a nanoword 
if and only if it is skew-symmetric. 

Proof. Pick a nanoword w and set u = . The equality 5a(u(a)) = 0 follows 

from the definitions. Let us prove the other identities. For a,b G ag, set 

a o b — ^ ( na}(,A, R) G Ra,b- 

A,BeA,\A\=a,\B\=b 

The identities UwiA, B)-\-nu]{B, A) = 0 and nw{A, yl) = 0 imply that aob-\-boa = 
a o a = 0. 

Suppose first that T(a) = a, T{b) = b. Observe that for any A G A — Aw we 
have = 0. Therefore 

db{u{a)) = ^ db{[A]w) 

AeA.w,\A\=a A^A,\A\=a 

= X! 96( ^ nw{A,B)=aob. 

A(^A,\A\=a BgA A,B^A,\A\=a,\B\=b 

This implies that da(u(a)) = 0 = da(u(b)) -h db(u(a)). 

Suppose that r(a) = a,T{b) ^ b. Then as above 

dbHa)) = a,([a]„) = ^ 4( n 

AGA,\A\=a BeA 

= nw{A,B)— Hw^A, B) = a o b — a o T(b), 

A,BeA,|A|=o,|B|=& A,BGA.|A|=a,|B|=T(6) 

daiu{b)) = da{[b]w - [Tib)]w) 

= X! dai[B]w) - ^ dai[B]w) = b o a - T{b) o a. 

BGA,\B\=b BGA,\B\=T(b) 

Hence 

da{u{b)) -\- db{u{a)) = bo a — T{b) o a-\- aob — ao T{b) = 0. 
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In the case T(a) ^ a, t( 6 ) ^ b, similar computations give 

db{u{a)) = a o b — a o T{b) — T{a) oh + T{a) o T{b) 

and the equalities da{u{a)) = 0 = da{u{b)) + dh{u{a)) follow from the properties 
of o. 

We now prove the sufficiency of the conditions stated in the theorem. For 
a G a, we call an element of RaT^ linear if it is a linear combination of elements 
of ao C TT. (Elements of a — oq C tt and 1 S i?a 7 r are not linear). A section u of 
{i?aTrjoGao IS linear if its values on all elements of ao are linear. A section u of 
{i?aTrjoGao IS realizable if it is the restriction to ao of the self-linking function of 
a nanoword. Note that if u is realizable then so is —u. By the additivity of the 
self-linking function, the sum of realizable systems is realizable. 

The idea of the proof is to take any skew-symmetric system u and to deduce 
from it consecutively certain “model” realizable sections so that at the end we 
obtain 0. Since 0 is realized by an empty nanoword, u is realizable. A model 
section is defined as follows. Pick a S ao, bi, ..., bn € a (possibly with repetitions) 
where n > 1. Consider the nanoword w = B 1 B 2 • • ■ BnABn ■ ■ ■ B 2 B 1 A with |A| = 
a and \Bi\ = r(&i) for all i. It is clear that = Hi [Bi]w = a for 

all i. It follows from the definitions that u'^(a) = Yli^i modulo linear terms 
(corresponding to i such that bi = a or bi = T{a)). The values of on all 
elements of ao — {a} are linear. Adding or subtracting such model sections rt™ 
from the original section u and using that 6aiu{a)) = 0 we can obtain a linear 
skew-symmetric section, again denoted u. For any a S ao, we can uniquely expand 
= S&gqo where r{a,b) S Ra- Pick a € ao such that r(a) = a. For 

b € ao — {a}, consider the nanoword w = ARAB with |A| = a and \B\ = h. It 
is clear that [A\n, = b and [B]^, = a~^ = a G tt. Therefore u'"{a) = b,u^{b) = a, 
and all other values of u'^ are 0. Adding irt™ to u, we change r{a,b) by ±I 
keeping all r{a,b') for b' ^ b. Proceeding by induction, we transform u into 
a linear skew-symmetric section, still denoted u, such that r{a,b) = 0 for all 
b G a — {a}. By skew-symmetry, r{b,a) = r(a,b) = 0 and r(a,a) = da(a) = 
0 G Z/2Z. Thus u{a) = 0 and a does not show up in the expansions of u{h) for 
all 6 G ap. Inductively, we can ensure that this holds for all a G ao such that 
T{a) = a. Pick now a G ao with T(a) yf a. Pick 6 G ap — {a} with t( 6 ) yf b. 
Consider the nanoword w = ABAB with |A| = T(a) and \B\ = b. It is clear 
that u'"{a) = —[A]u, = —b,u^{b) = [B]yj = (T(a))“^ = a. Adding the linear 
section iw™ to m, we change u(a) by ±6 keeping all other values of u except u{b). 
Proceeding in this way we can ensure that u(a) = r(a, a)a. By skew-symmetry, 
r{a, a) = da (a) = 0 G Z. Then u(a) = 0 and again by skew-symmetry, r(b, a) = 0 
for all 6 G ap — {a}. Proceeding further in this way we eventually transform u 
into the zero section as required. □ 

6.4. Examples. 1. Pick a G a with T(a) yf a and consider the nanoword w = 
ABAB with |A| = \B\ = a. Clearly, = a, [B]^] = a~^ and the self-linking 
function takes the value a -I- a~^ G i?a 7 r = Ztt on a, the value —a — a~^ on 
T(a), and the value 0 on all other elements of a. Since yf 0, the word w is not 
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contractible. Since u™ ^ —u™, the word w is not homotopic to its inverse. For 
n > 2 , the polynomial u^(a) is not divisible by n and therefore w is not homotopic 
to the n-th power of a nanoword. Note that u{w) = u{w) which is compatible 
with the fact that w is isomorphic to its opposite. 

2. Fix a,b G a belonging to different orbits of t. For finite sequences e = 
(ei)fcijM = (Mi)^=i consisting of zeros and ones we define a nanoword 

W = Vj(s, = A1A2 ■ ■ ■ AfnBiB2 ■ ■ ■ B„Afn ■ ■ ■ A2AiBn ■ • ■ B2B1 

over a with \Ai\ = r®*(a) and \Bj\ = T^^{b) for all i,j. We give a homotopy 
classification of these nanowords using the self-linking function. 

Case T(a) = a, t(5) = b. Observe that u^{a) = 0 if mn is even and u^{a) = 6 if 
mn is odd. Hence mn(mod2) is a homotopy invariant of m = w{s,fj,). Applying 
the first two homotopy moves it is easy to see that mn (mod 2 ) is a full homotopy 
invariant of any two nanowords of this type with the same TOn(mod 2 ) 

are homotopic. 

Case T(a) ^ a, T{b) = b. By the second homotopy move, if the length n of /i is 
even then w = is contractible. Suppose that n is odd. Set 

k = card {i = 1, ..., m | £i = 0} — card {i = 1, ..., m | ej = 1} G Z. 

A direct computation gives u^{a) = kb so that fc is a homotopy invariant. It is 
easy to see that /c is a full homotopy invariant: two nanowords w{e, 
with /i, /i' of odd length are homotopic if and only if they give rise to the same k. 
In particular, such a nanoword is contractible iff A: = 0. 

Case r(a) = a, T{b) ^ b. This case is similar to the previous one. If the length 
TO of e is even then w{e, fx) is contractible. For odd to, the classifying invariant is 
the integer 

I = card {j = 1, ..., m \ fj,j = 0} — card {j = 1 ,..., to | /ij = 1}. 

Case r(a) ^ a, T{b) ^ b. Let k, I be the integers determined by s, fj, as above. 
We have u“’(a) = A: 6 ' if ^ 7 ^ 0 and u^{a) = 0 if I = 0. Similarly, u“’(5) = la-’^ 
A k ^ 0 and m“( 5) = 0 if A: = 0. Therefore w{e,fi) is contractible iff A: = 0 or 
I = 0. For the nanowords w{e,fj,) with kl ^ 0, the pair {k,l) is a full homotopy 
invariant: two such nanowords are homotopic if and only if they give rise to the 
same k, 1. 

3. The following example illustrates the homotopy invariants derived from the 
self-linking function via coverings. Let a = {a, 5} with involution r permuting a 
and b. The corresponding group tt is an infinite cyclic group generated by a and 
b = a~^. The self-linking function u™ of any nanoword w over a is determined 
by the Laurent polynomial u'^{a) G Ztt = Z[a^^]. For integers m,n> 1, consider 
the nanoword 

"IC = Wm,n — A1A2 • • ■ AyyiB\B2 ' ' ' B^A^ • ■ • A2AiBn • • • B2B1. 

with I Ail = a and \Bj\ = b for all i,j. It is clear that [Ai]uj = fe” and [Bj]^] = a~^ 
for all i,j. Therefore 

u“’(a) = [a]u) — [T(a)]u) = [a]™ — [b]w = mb'^ — na~^ = ma~^ — na~"^. 
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Pick integers p^q, s,t > 1 and consider the nanoword v over a of length 12(p + 
q + s + t) obtained as the product (in an arbitrary order) of the nanowords 

'^p,si '^s-\-t,pi ^s,p+g; ^t,p-\-qi '^p-\-q,s-\-t- 

The additivity of the self-linking function easily implies that u{v) = 0. Let r be 
the greatest common divisor of p and s. Let H be the subgroup of n generated 
by o'". Suppose that r > 2 and q,t are prime to r. It is easy to check that 
yH ^ therefore u{v^) = pa~’^ — sa~P ^ 0 for p ^ s. Thus u{v^) detects 

the non-contractibility of v. 

4. Let a,b,w, H be as in Example |^31 The nanoword v = ww lies in the kernel 
of 7 and has a zero self-linking function. (Indeed, Ra = Rb = Z/2Z and therefore 
u^ww) = u{w) + u{'w) = 0 for any nanoword w.) The non-contractibility of v is 
detected by PyH, since pLyH(a,b) = 2pLy,H{a,b) = 2 . 


6.5. Applications. We can use the self-linking function to give a homotopy clas¬ 
sification of the monoliteral words a™ where m > 3 and a G a with a ^ T{a). 
Desingularizing o'", we obtain a nanoword w = (a'")'^ of length m(m — 1). A 
direct computation from the definitions gives [ 6 ]^, = 0 for all b G a — {a} and 




E 




l<i<j 


Then u'"{a) = [a]u,, u"'(r(a)) = —[oju, and u™( 6 ) = 0 for 6 £ a — {a,r(a)}. Since 
^ 0, the word a™ is non-contractible. We can estimate its norm from below 
applying the last remark of Sect. lO to the monomial determined by i = l,j = 
[m/2] -I- 1. This gives 


(6.5.1) 


> 


'm' 


m — 1 

l 2 


2 


-hi. 


(Presumably, ||a™|| = m(m — l)/2.) 


Theorem 6 . 5 . 1 . Let a,b be letters in a with a ^ T{a),b ^ t(6). The words o’” 
and 6 " with m,n > 3 are homotopic if and only if a = b and m = n. 

Proof. For w = o’”, we can recover both a and m from u{w) = u{w‘^). Indeed, a 
is the only letter on which the value of is a sum of monomials with positive 
coefficients. The sum of these coefficients is equal to m{m — l)/2 — [m/2]. This 
implies the theorem. □ 


Let a G a be a letter with a ^ T(a). The self-linking function allows us to 
show that the word a™ with m > 3 is not homotopic to a word v = bcbc with 
distinct b,c G a. If 6 = t(c), then v is contractible while a™ is not. If 6 yh t(c), 
then the equalities [6]^, = c, [cji, = b~^ imply that the only non-zero values of the 
self-linking function u" are ±c, ± 6 “^. The sum of coefficients of each of these 
values is ±1 ^ m(m — l)/2 — [m/2]. Hence o™ is not homotopic to v. 







20 


VLADIMIR TURAEV 


7. a-FORMS AND a-PAIRINGS 

The interlacement of letters in a nanoword [A, w) is reflected in the function 
Uw ■ Ax { — 1,0,1} defined in Sect. 15.11 A study of and related pairings 
leads to notions of a-forms and a-pairings. We introduce here an abstract alge¬ 
braic theory of a-forms and a-pairings. Connections with words will be discussed 
in the next section. 

7.1. a-forms. Let tt = 7 r(a,r) be the multiplicative abelian group defined in 
Sect. 15.l1 Given a set S, a pairing Z : S' x S' —> tt is skew-symmetric if 1{A,B) = 
1{B,A)~^ and 1{A,A) = 1 for all A,BgS. A (skew-symmetric) a-form is an a- 
alhabet A endowed with two skew-symmetric pairings n : Ax A ^ { — 1 , 0 , 1 } and 
I : AxA TT. We view n and I as matrices whose rows and columns are numerated 
by the letters of A. The skew-symmetry of n means that n{A, B) = —n{B, A) for 
all A,B A and in particular n(A, A) = 0 for all A G A. Two a-forms {A,n,l) 
and {A'^n'A') are isomorphic if there is an isomorphism of a-alphabets A^ A! 
transforming n,l into n',l\ respectively. 

Given two a-forms (Ai,ni,Zi) and (A 2 ,U 2 ,^ 2 ), we define their direct sum by 

(Ai, ui, li) 0 (A 2 , n2, 12 ) — (Ai 11 A 2 , Til ® TI 2 , Zi © I 2 ) 

where 11 is the disjoint union of a-alphabets and © is the direct sum of matrices. 
This means that the restriction of n = ni © 712 to Ai is rii for 7 = 1,2 and 
n(Ai, A 2 ) = n(A 2 , Ai) = 0. The restriction of / = Zi © Z 2 to Ai is k for 7 = 1,2 
and Z(Ai,A 2 ) = Z(A 2 ,Ai) = 1. Here we assume Ai and A 2 to be disjoint; if it 
is not the case we replace (Ai,r7i,Zi) by an isomorphic a-form and proceed as 
above. The trivial a-form (A = yields a neutral element for the direct 

sum. 

For each a-form / = {A,n,l), we define the opposite a-form f~ = {A,n~,l~) 
where n~ = —n and 1~{A,B) = {1{A, B))~^ = 1{B,A) for A,B G A. We also 
define the inverse a-form / = (A, n, l~) where A is the inverse a-alphabet. 

7.2. Relation of homology. We define three transformations (moves) on a- 
forms. 

(i) * The move applies to an a-form (A, n, Z) if there is a letter A G A such 
that n(A,A) = 0 and Z(A,A) = 1. The move replaces (A, n, Z) with {A! = 
A - {A},nU/,ZU/). 

(ii) * The move applies to an a-form (A, n, Z) if there are letters A, H G A 
such that |A| = t{\B\) and n(A,C) = n{B,C),l{A,C) = Z(B,C')|B|"(^’C') 

C G A. The move replaces (A, n, 1) with (A' = A — {A, B}, nU') ^U')- 

Note that for C = A and C = B, the conditions n(A, C) = n{B, C), 1{A, C) = 
1{B,C)\B\^^^’'^'> are equivalent to n{A,B) = 0,1{A,B) = 1. Note also that the 
formula 1{A,C) = 1{B,C)\B\'^^^’^'> is symmetric in A,B. Indeed, this formula 
is equivalent to 1{B,C) = Z(A, C)|A|"("^’'"^ since |A| = T(|i?t) = G tt and 

n{A,C) =n{B,C). 

(iii) * The move applies to an a-form {A,n,l) if there are letters A, B,C G A 
such that |A| = \B\ = \C\ and n{A, B) = n{B,C) = l,r7(A, C) = 0. The move 
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replaces {A, n, 1) with {A, n', V) where n', V coincide with n, I, respectively, except 
on the pairs {A, B), {B, A), {A, C), (C, A), {B, C), (C, B). The values of n', V on 
these pairs are determined by n'{A, B) = n'{B, C) = 0, n'{A, C) = 1 and 

l'{A,B) = 1{A,B)\C\, l'{A,C) = l{A,C)\B\-\ l’{B,C) = 1{B,C)\A\. 

Two a-forms are homologous if they can be related by a finite sequence of moves 
(i)*-(iii)*, the inverse moves, and isomorphisms. This defines an equivalence 
relation of homology in the class of a-forms. It is easy to check that a-forms 
opposite (resp. inverse) to homologous a-forms are themselves homologous. 

7 . 3 . a-pairings. To study a-forms, we introduce a simpler concept of an a- 
pairing. The principal advantage of a-pairings is that for them the move (iii)* 
becomes trivial. 

A (skew-symmetric) a-pairing is a set S endowed with a distinguished element 
s G S', a mapping S — {s} ^ a, and a skew-symmetric pairing b : S x S ^ tt = 
7r(a,T). The conditions on S can be rephrased by saying that S is a disjoint 
union of an a-alphabet and a distinguished element s. As usual, the image of 
A G S — {s} under the projection to a is denoted |A|. Two a-pairings (S, s,5) 
and (S', s', b') are isomorphic if there is a bijection S ^ S' transforming s to s', 
inducing an isomorphism of a-alphabets S — {s} —> S' — {s'}, and transforming 
b into &'. 

The direct sum of two a-pairings (Si, si, 6 i) and (S 2 , S 2 , 62 ) is the a-pairing 

(Si, Si, 61 ) © (S 2 , S2, 62 ) = ((Si - (sil) n (S 2 - {S2}) n Is), S, b) 

where b is uniquely determined by the following conditions: &(Si — {si},S 2 — 
{S 2 }) = 1, for i = 1,2, the restriction of 6 to S^ — {si} is bi, and b{A, s) = bi{A, Si) 
for all A € Si — {s^}. Here we assume Si and S 2 to be disjoint; if it is not the 
case we replace (Si, si, 61 ) by an isomorphic a-pairing and proceed as above. The 
trivial a-pairing (S = {s}, s, 6 = 1) yields a neutral element for the direct sum. 

For each a-pairing p = (S, s, b), we define the opposite a-pairing p~ = (S, s, b~) 
where b~{A,B) = {b{A, B))~^ = b{B,A) for A,BgS. We define the inverse a- 
pairing p = (S, s, b~) where S is the set S with the given mapping S — {s} ^ a 
replaced by its composition with t : a ^ a. 

7.4. Relation of homology for a-pairings. Given an a-pairing (S, s, 6 ), we 
say that A € S — (sj is an annihilating element if b{A, C) = 1 for all C € S. Two 
elements A, B G S — {s} are twins if |A| = r(|R|) and b{A,C) = b{B,C) for all 
C £ S. Note that if A, B are twins, then b{A, B) = h{B, B) = 1. We define two 
“compression” moves Mi, M 2 on (S, s, 6 ). The move Mi deletes an annihilating 
element A £ S — (s) that is replaces (S, s, 6 ) with (S' = S — {A},s G S',b\s>). 
The move M 2 deletes a pair of twins A,B £ S — {s} that is replaces (S, s, b) with 

(S' = S-{A,R},sgS',6 |sO- 

Two a-pairings are homologous if they can be related by a finite sequence of 
moves Ml, M 2 , the inverse moves, and isomorphisms. This defines an equivalence 
relation of homology in the class of a-pairings. It is easy to check that a-pairings 
opposite (resp. inverse) to homologous a-pairings are themselves homologous. 
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We now classify a-pairings up to homology. Let us call an a-pairing primitive 
if it has no annihilating elements and no pairs of twins. The following lemma 
shows that homology classes of a-pairings bijectively correspond to isomorphism 
classes of primitive a-pairings. 

Lemma 7.4.1. Every a-pairing can be transformed by the moves Mi, M 2 into a 
primitive a-pairing. Two homologous primitive a-pairings are isomorphic. 

Proof. The first claim is obvious: deleting annihilating elements and pairs of 
twins by Mi, M 2 we can compress any a-pairing into a primitive one. To prove 
the second claim, we need the following assertion: 

(*) for any i,j G { 1 , 2 }, a move M~^ followed by Mj yields the same result as 
an isomorphism, or a move Mk, or a move Mk followed by Mjf^ with k, I G {1, 2 }. 

This assertion will imply the second claim of the lemma. Indeed, suppose that 
two primitive a-pairings p,p' are related by a finite sequence of moves Mi^^,M^^ 
and isomorphisms. An isomorphism followed by M^^ can be decomposed as M^^ 
followed by an isomorphism. Therefore all isomorphisms in our sequence can be 
accumulated at the end. The claim (>i=) implies that p,p' can be related by a finite 
sequence of moves consisting of several moves of type Mi followed by several 
moves of type M~^ and isomorphisms. Since p is primitive we cannot apply to 
it a move of type Mi. Hence there are no such moves in our sequence. Similarly, 
since p' (and any isomorphic a-pairing) is primitive, it cannot be obtained by an 
application of M~^. Therefore our sequence consists solely of isomorphisms so 
that p is isomorphic to p'. 

Let us prove (*). We have to consider four cases depending on i,j G {1, 2}. 

For i = j = 1, the move M~^ on an a-pairing {S, s, b) adds one element A and 
then Mj removes one element A' G S' H {A}. If A' = A, then Mj o M~^ = id. If 
A' 7 ^ A, then A' G S is an annihilating element. The transformation Mj o M~^ 
can be achieved by first applying Mj that removes A' and then applying Mi that 
adds A. 

Let i = 1, j = 2. The move M~^ on {S,s,b) adds an annihilating element A 
and Mj removes a pair of twins Ai, A 2 G S H (A). If Ai, A 2 G S, then Mj o M~^ 
can be achieved by first removing Ai, A 2 and then adding A. If Ai = A, then A 2 
is an annihilating element of S and Mj o M~^ is the move Mi removing A 2 . The 
case A 2 = A is similar. 

Let i = 2,j = 1. The move M~^ on (S, s, 6 ) adds a pair of twins Ai, A 2 and 
Mj removes an annihilating element A G SH {Ai, A 2 }. If A G S, then Mj o M~^ 
can be achieved by first removing A and then adding Ai, A 2 . If A = Ai, then A 2 
is an annihilating element of S H {A 2 } and Mj o M~^ = Mff^. The case A = A 2 
is similar. 

Let i = j = 2. The move M~^ on (S, s, b) adds a pair of twins Ai, A 2 and Mj 
removes a pair of twins A}, A 2 G 5'n{Ai, A 2 }. If these two pairs are disjoint, then 
Mj o M~^ can be achieved by first removing A}, A 2 G S' and then adding Ai, A 2 . 
If these two pairs coincide, then Mj o M~^ = id. It remains to consider the case 
where these pairs have one common element, say A} = Ai, while A 2 ^ A 2 . Then 
A^ G S and for all C G S, 6 (A^, C) = b{A'i,C) = b{Ai,C) = b{A 2 , C). Therefore 
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the move Mj o M- ^ gives an a-pairing isomorphic to {S, s,b). The isomorphism 
S ^ {S — {^ 2 }) U {^ 2 } is the identity on S' — {A2} and sends A2 into A2. □ 

For an a-pairing p we denote the unique (up to isomorphism) primitive a- 
pairing homologous to p by p*. It follows from the definitions that (p“)* = (p*)“, 
P* =^, and (pi ©P 2 )* = (pi)* © (P 2 )*- 

7.5. Homology invariants of a-pairings. Any isomorphism invariant of prim¬ 
itive a-pairings yields a homology invariant of an a-pairing p = (S, s, h) by com¬ 
puting on p* = (S*, s*, 5*). For example, p(p) = card(S*) — 1 is a homology 
invariant of p. Given a G a,x G t:, the number 

Pa,x{p) = card{A e S* - {s*} | |A| = a, K{A, s*) = x} 
is a homology invariant of p. Clearly p(p) = Pa.,x{p)- We have pa,a:(p“) = 

Pa,x-^{p) and Pa,x(j>) = PT(a),x{p)- Both p and pa,x are additive with respect to 
the direct sum of a-pairings. 

Imitating the self-linking function of nanowords, we can define a homology 
invariant of p = (S, s, b) as follows. For a € a, set 

[a]p = ^ b{A, s) G Ztt. 

vleS-{s},&(A,s) 5 ^ 1 ,|A|=a 

Define a function = u{p) on a by u'^{a) = [a]p(mod2) G (Z/ 2 Z) 7 r if T(a) = a 
and u^(a) = [a]p — [T(a)]p G Ztt if T(a) 7 ^ a. It is obvious that is invariant 
under the moves Mi, M 2 and is thus a homology invariant of p. For r(a) = a, 

uP(a) = (a) = ^ Pa,x(p) X (mod 2) 

xG7T — {1} 

and for r(a) 7 ^ a, 

uP{a) = uP*{a) = ^ {Pa,x{p) - PT(a),x{p))x. 

xG7T — {1} 

7.6. Prom a-forms to a-pairings. Every a-form {A,n,l) determines an a- 
pairing as follows. Set S' = .4 U {s} where s is not a letter of the alphabet 
A. There is a unique skew-symmetric pairing 6 : S x S —> tt such that for any 
A,B € Ac S, 

b{A,s)= G TT and b{A, B) = { 1 {A, C ir. 

CdA 

The a-pairing (S, s,5) associated with / = {A,n,l) is denoted p(/). The op¬ 
eration / I—> p(/) commutes with direct sum and the operations of taking the 
opposite and the inverse. 

Lemma 7 . 6 . 1 . a-pairings determined by homologous a-forms are homologous. 

Proof. It suffices to analyze the behavior of the associated a-pairing under the 
moves (i)*-(iii)* on a-forms. Consider the move (i)* replacing an a-form {A, n, 1 ) 
with {A' = A — {A},n\^i A\a') where A G A is such that n{A,A) = 0 and 
1 {A,A) = 1. Let (S = AU {s},s,b) be the a-pairing associated with {A,n,l). It 
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follows from the definitions that A is an annihilating element for b. The a-pairing 
associated with {A',n\A'J\A') is {S' = S — {^},s G S',b\s')- It is obtained from 
(S', s, h) by the move Mi deleting A. 

Consider the move (ii)* replacing {A,n,l) with {A' = A — {A, S}, n|^/, Z|^/) 
where A,B € A are such that |A| = t{\B\) and n{A,C) = n{B,C),l{A,C) = 
1{B, all c € A. Let (S = ylU {s}, s, b) be the a-pairing associated 

with {A,nJ). For C G A, 

b{A,C) = = (l(B,C'))2|Sp"(^’C')|^|n(B.C)[(^|n(B,C) 

= = b{B,C). 

Similarly, b{A,s) = b{B,s). Therefore A and B are twins. The a-pairing asso¬ 
ciated with (^', n|A', ^U') is (S' = S — {A,B},s G S',b\s')- It is obtained from 
(S, s, b) by the move M 2 deleting A, B. 

Finally, under a move {A,n,l) 1 —> {A,n',l') of type (in)*, the associated a- 
pairing (S, s,6) is preserved. Indeed, let (S, s,5') be the a-pairing associated 
with {A,n',l'). It is clear that b' coincides with b except possibly on the pairs 
(A, B), {B, Gl), (A, C), (C, Gl), {B, C), (C, B). We have 

b'iA.B) = = {l'{A,B)f = {l{A,B)\C\f 

= {l{A,B)f\A\ \B\ = {l{A,B)f\AY'^^’^\B\'^^^'^^^ = b{A,B). 

Similarly, b'{B,C) = b{B,C) and b'{A,C) = b{A,C). By skew-symmetry, b' = 
b. □ 

Passing from an a-form to the associated a-pairing we loose certain information 
contained in the 2-subgroup of tt. It is interesting to find further invariants of 
a-forms retaining this information. 

8. Linking forms of nanowords 

We associate with each nanoword w over a an a-form and an a-pairing reflect¬ 
ing the linking of letters in w. 

8.1. Notation. Given a nanoword (.A, w : fi ^ A) and a letter A G A, we denote 
by *A (resp. Ja) the minimal (resp. the maximal) element of the 2-element set 
u!~^{A) C fi. Thus w = ■ ■ ■ A - ■ ■ A - ■ ■ where the first entry of A appears on the 
i^-th position and the second entry of A appears on the jA-th position. 

8.2. Linking form. For a nanoword (A, w : n ^ A), we define an a-form /“' = 
{A,njju,lkiu) called the linking form of w. The function n^, was defined in Sect. 
15.11 For letters D,E G A, set 

DoE= \F\Gtt 

F^A,iD<iF<jD andiE<j><jE 

and 

lk^{D, E) = {Do E){E o D)-^ G tt. 
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In particular, ifru = then E o D = 1 and lkw{D, E) 

= D o E. Uw = -- -D---E---E---D---, then 

ik^iD,E)= n 1^1 n 

FgA^id <iF <'>'E <3 f <jE FGA,iE <^F <jE <3 f <3d 

\i w = then 

lk^iD,E)= J] \E\. 

FGA,iD<iF<iE <3F <jD or ie <iF <jD <jF <3E oriD<iF<iB <3D <3F <3E 

For all other positions of D, E in w, we can use these formulas to compute 
lkw{E,D) and then use the skew-symmetry of Ikw to compute lkw{D,E). 

Lemma 8.2.1. Under the homotopy moves (i), (ii), (Hi) on nanowords, the 
associated a-forms are transformed by the moves (i)*, (ii)*, (Hi)*, respectively. 

Proof. Consider the first homotopy move w = {A,xAAy) (.4 — {A},xy) = v. 
Pick D, E G A — {^}. The formulas for lkw{D, E) show that if a letter E G A 
contributes non-trivially to lkw{D, E), then ip < jp — 1- Hence the letter A does 
not contribute to lkw{D,E). This implies that Ikv is the restriction of Ik^ to A'. 
It is also obvious that Uy is the restriction of Uy, to A!. It remains to observe that 
ny,{A,A) = 0 and lky,{A,A) = 1. Thus f'’ is obtained from /“ by (i)*. 

Consider the move w = (.4, xAByBAz) (.4 — {A, B}, xyz) = v where IHj = 
T(|i3|). It follows from the definitions that n{A,B) = 0 and lky,{A,B) = 1. 
A case by case study of all possible positions of two entries of a letter C G 
A—{A, B} in w with respect to AB, BA gives n{A, C) = n{B, C) and lku,{A, C) = 
lkw{B,C)\B\^^^'^\ It is obvious that Uy is the restriction of riy, io A! = A— 
{A, B}. Since the contributions of the letters A, B to lky,{C, C) cancel each other 
for all C, C G A—{A, B}, we obtain that Iky is the restriction of Iky, to A! . Thus 
P is obtained from /“ by (ii)*. 

Consider the move w = {A, xAByACzBCt) {A, xBAyCAzCBt) = v where 
A| = \B\ = ICI- It follows from the definitions that ny,{A,B) = ny,{B,C) = 
l,ny,{A,C) = 0 and ny{A,B) = ny{B,C) = 0,n^(A, C) = 1. It is obvious that 
for any D,E G A— {A,B,C}, we have lky,{D,E) = lky{D,E). A case by case 
study of possible positions of the two entries of D in re give 

lky,{D,A) =lky{D,A), lky,{D,B) =lky{D,B), lky,{D,C) =lky{D,C) 

for any D G A — {A, B, C}. It remains to observe that 

IkyiA, B) = lky,{A, B) \C\, lky{A, C) = lky,{A, C) \B\-^ 

and lky{B,C) = lky,{B,C)\A\. Thus /" is obtained from /“ by (hi)*. □ 

This lemma implies that the homology class of the a-form /*" = {A,ny,,lky,) 
is a homotopy invariant of w. This form behaves in a natural way under the 
standard operations on nanowords: 

yiF _ Jtu JUJ" _ jWiW2 _ jwi 0 jW-i 
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8.3. Linking pairing. For a nanoword w, the a-pairing associated with the a- 
form Z’" is denoted p™ and called the linking pairing of w. It behaves in a natural 
way under the standard operations on nanowords: 


p'^ =(p“)", 

As we know, the a-pairing p^ can be compressed to a primitive a-pairing 
P™ = (*S'*,s*,6* : X S'* ^ tt). The isomorphism class of pjf is a homotopy 

invariant of w. If w is contractible, then p^ is a trivial a-form. The formulas 
above imply that 


pr=^, p :~ = {?:)-, 


= pT ®pT 


The homology invariants of a-pairings defined in Sect. 17.51 yield homotopy in¬ 
variants of nanowords. In particular, set p{w) = pip'") = card(S*) — 1 and for 
a S a, a: € TT, set 


Pa,x{w) = pa,xip'") = card{A e S* - {s*} | |A| = a, 6*(A, s») = a;}. 

We have Pa.x(7c) = Pria),x{w), Pa,xiw~) = Pa,x-^iw) and Pa.a:(wirC 2 ) = Pa,xiwi) + 
Pa,xiw 2 )- Application: if Pa,xiw) ^ 0 for some a, a;, then ww' is non-contractible 
for any nanoword w'. 

For any nanoword (A, rc), the homotopy invariance of p implies that ||r(;|| > 
piw). Application: if the a-pairing p'" is primitive, then w is not homotopic to a 
nanoword of smaller length and ||iy|| = piw) = card(A). 

Note finally that the self-linking function u'" of a nanoword w is computed 
from p^: it follows from the definitions that = m(p“) = M(p(f). 


8.4. Nanowords of length 4. It follows from the definitions that all nanowords 
of length < 2 are contractible. We give a homotopy classification of nanowords 
of length 4. Clearly, each such nanoword is either contractible or isomorphic to 
the nanoword (A = {A, B], w = ABAB) with |A| = a G a, \B\ = b G a. Denote 
the latter nanoword by Wa,b (possibly a = b). Clearly, Wa,b = WT(^a),T(b) and 
iwa,b)~ ~ Wb,a- 

By the second homotopy move, if 6 = T(a), then Wa,b is contractible. The 
following theorem establishes the converse and gives a homotopy classification of 
these nanowords. 

Theorem 8.4.1. Fora,b G a withria) ^ b, the nanoword Wa,b is non-contractible. 
Two nanowords Wa,b and Wa',b' with r(a) ^ &, T(a') ^ b' are homotopic if and only 
if a = a' and b = b'. 

Proof. Set w = Wa,b- The linking a-form iA,nw,lkw) is given by the matrices 



■ 0 1 ■ 


■ 1 

1 ■ 

Tlyj - 

-1 0 

, IkiD — 

1 

1 


Here the 1-st and 2-nd rows (and columns) correspond to A, B, respectively. The 
associated a-pairing p“ = (S', s. S' x S' ^ tt) with S = {s,A,B} is given by the 
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matrix 

(8.4.1) 


1 b ^ a 
b 1 ab 

a-^ 1 


Here the rows (resp. columns) correspond to s, A, B € S counting from top to 
bottom (resp. from left to right). Since b ^ T(a), we have a 6 7 ^ 1 G tt so that 
p'" has no annihilating elements and no twins. Hence p^ is primitive and ||u'|| = 
p{w) = 2. 

Suppose that the nanowords w = ABAB and w' = A'B'A'B' with |H| = 
a, \B\=b ^ ''■(a)) \-^'\ = \B'\ = b' ^ '’"(aO homotopic. Then the associated 

primitive a-pairings are isomorphic. If the isomorphism sends A,B to A',B', 
respectively, then a' = a, b' = b and we are done. If the isomorphism sends A 
to B' and B to H', then a' = b and b' = a. We claim that in the latter case 
a = b. If a 7 ^ &, then a, b lie in different orbits a, & C a of r. Recall from Sect. 
10 the functions pw, Pw' : d x d ^ Z where d is the set of orbits of r. Clearly, 
pL.u]{a,b) = 1 and pLw'(fl,b) = —/iu,/(6,a) = —1. This contradicts the invariance of 
Pw under homotopy. Therefore a = b = a' = b'. □ 


Corollary 8.4.2. A nanoword of length < A is homotopically skew-symmetric if 
and only if it is contractible. A nanoword of length < 4 is homotopically symmetric 
if and only if it is contractible or symmetric. 

Proof. The nanoword w = Wa,b is homotopically skew-symmetric if and only if 
w ~ WT.{b),T(a)- By Theorem 18.4.11 this happens if and only if T(a) = b. The 
nanoword w = Wa.b is homotopically symmetric if and only if w ~ Wb^a- By 
Theorem 18.4.11 this happens if and only if T(a) = b or a = b. □ 


Corollary 8.4.3. The group of homotopy automorphisms ofwa^t is the full group 
of T-equivariant bijections a ^ a if a = tIJd) and its subgroup consisting of 
bijections preserving a and b if a ^ '^(^)- 

8.5. Example. The following example shows that for the nanowords of length 6 , 
the associated a-pairing is a strong but non-faithful invariant. Pick three letters 
a, 6 , c G a (possibly coinciding) and consider the a-alphabet A = {A, B, C} where 
H| = a, li?| = b,\C\ = c. Consider the nanoword {A,w = ABACBC). The 
linking a-form {A, n^i, Ik^) is given by 


Ttyj - 


Here the rows and columns correspond to A, B, C, respectively. For example, 
lkw{A,B) = 1 G Tr,lkiu{A,C) = 6 G tt, etc. The associated a-pairing p"^ = 
(S, s, S X S ^ tt) with S = {s. A, B, C} is given by 


0 

1 

0 ■ 


1 

1 

6 ■ 

-1 

0 

1 

II 

1 

1 

1 

1 - 

0 

1 — 1 

1 

1 

0 


6-1 

1 

1 


P = 


1 

b 

T^c 


6-1 

1 

6-2 


ac 
ab 

1 


b 

b^ 

be 

1 
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Here the rows and columns correspond to s, A, _B, C, respectively. 

Observe that all the generators {e}eea of tt represent non-trivial elements of tt. 
More generally, a product of an odd number of generators is a non-trivial element 
of TT. This implies that ^ a~^c so that A, B are not twins and B, C are not 
twins. It is also clear that A and C are not annihilating elements. The element 
B G S is annihilating if and only if a = c = t( 6 ). The letters A and C are twins if 
and only if a = t(c) and b = T{b). In all other cases is primitive and ||z( 7 || = 3. 
If a = c = t(5), then deleting B we obtain a homologous a-pairing 

1 a a~^ 
a~^ 1 

a I 

If a 7 ^ T{a), then this a-pairing is primitive and 3 > ||w|| > p{w) = 2. If 
a = b = c = T{a), then w is contractible by w ~ BACACB ~ BB ~ 0. If 
a = t{c) and b = T(b), then deleting A,C we obtain a homologous a-pairing 

■ 1 ■ 

_ a -2 1 _ ■ 

If a 7 ^ T{a), then it is primitive and 3 > ||r(;|| > p{w) = 1. In the remaining case 
a = T{a) = c ^ b = T{b), the a-pairing is homologous to a trivial a-pairing 
and gives no information about w. The homomorphisms 7 and 7 do not help 
since in this case 7 ( 1 ^) = 1. However, w is non-contractible by Theorem 113.2.11 
below. 

The nanoword ABACBC with |H| = \B\ = \C\ = c is the desingularization of 
the word ccc in the alphabet a. Therefore if c 7 ^ "^(c), then 

(8.5.1) ||ccc|| = 3. 

9. Analysis litterae 

We give a homotopy classification of words of length < 5. Since the desingular¬ 
ization of a word deletes all letters of multiplicity 1 , we consider only words which 
contain no letters of multiplicity 1. We call such words multiplicity-one-free. We 
first summarize the results concerning the words of length < 4. 

Theorem 9.0.1. A multiplicity-one-free word of length < A in the alphabet a 
has one of the following forms: aa,a^ = aaa,a^ = aaaa,aabb,abba,bbaa,abab 
with distinct a,b G a. The words aa,aabb,abba,bbaa are contractible. The words 
a^,a'^ are contractible if and only if T{a) = a. The word abab is contractible if 
and only if T{a) = b. Non-contractible words of type 0 ^, 0^,0606 are homotopic if 
and only if they are equal, i.e., coincide letter-wise. 

Proof. That all multiplicity-one-free words of length < 4 belong to our list is 
obvious. The words 00 , 0066 , abba, bbaa are nanowords and can be contracted 
by the first homotopy move. If t(o) = o, then a?, a^ are contractible by Example 
13.41 3. If t(o) 7 ^ o, then o^, a'^ are not contractible by Sect. Iti.5l If t(o) = b a, 
then abab is contractible by the second homotopy move. If T(a) b ^ a, then 
abab is not contractible by Theorem Em The same theorem shows that two 
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non-contractible homotopic words of this type are equal. That non-contractible 
homotopic words of type or are equal follows from Theorem 16. 5. II That a 
word abab with r(a) 6 ^ a is not homotopic to a monoliteral word follows from 
the results of Sect. 16.51 □ 

Theorem 9.0.2. A multiplicity-one-free word of length 5 in the alphabet a has 
one of the following forms: 

(9.0.2) aaabb, aabba, abbaa, bbaaa, 

(9.0.3) a^, abaab^ baaba, aabab, babaa, baaab, ababa 

with distinct a,b G a. The words mm are homotopic to aaa; they are con¬ 
tractible if and only if T(a) = a. The words of' and baaab are contractible if 
and only if rfa) = a. The word ababa is eontraetible if and only if ria) = b. 
The words abaab, baaba, aabab, babaa are not contractible. Two non-contractible 
words of type mn\) are homotopic if and only if they coincide letter-wise with 
the following exception: 

aabab ~ babaa ~ baaab 

for a = T(b) ^ b. Non-contractible words of type are not homotopic to 

words of length < 4. 

Note a subtlety in the last claim: it does not exclude that a word of type 
iPTTOt is homotopic to a nanoword over a of length < 4 (cf. Exa,mr)le l3.4l 5l. This 
nanoword however can not be a word in the alphabet a. 

Among the words listed in Theorem 19.0.21 only the words a^, ababa, baaab are 
symmetric. Here is a complete list of homotopically symmetric words of length 5. 

Corollary 9.0.3. A multiplicity-one-free word of length 5 is homotopically sym¬ 
metric if and only if it is contractible or symmetric or belongs to the list mm 
or has the form aabab or babaa with b = r(o) ^ a. 

Among the words listed in Theorem l9. 0.21 only the words o®, ababa, baaab may 
be skew-symmetric and this happens when a = r(a) and b = t(6). 

Corollary 9.0.4. A multiplicity-one-free word of length 5 is homotopically skew- 
symmetric if and only if it is contractible or skew-symmetric. 

Corollary 9.0.5. Let r = id : a ^ a. A multiplicity-one-free word of length < 5 
in the alphabet a is non-contractible if and only if it has one of the following six 
forms: 

abab, abaab, baaba, aabab, babaa, ababa 

where a ^ b. Such words are homotopic if and only if they coincide letter-wise. 
The rest of this section is devoted to a proof of Theorem l9.().2l 
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9.1. Reduction to a lemma. That all multiplicity-one-free words of length 5 
belong to our list is obvious. The words Einii are homotopic to aaa by the first 
homotopy move. By Example Id.41 3 and Theorem Iti. 5. II the words and a® are 
contractible if and only if T(a) = a. By Sect. lb.51 if is non-contractible, then 
it is not homotopic to a word of length < 4. In the rest of the proof we use the 
notation ^ = abaab and similarly 

'^ab — baaba, w^f, = aabab, = babaa, [, = baaab, 5 = ababa. 

where a ^ b. Using Example 13.41 3. it is easy to show that the word w® ^ with 
T(a) = a is contractible. In the sequel, writing f, we always suppose that 
T(a) ^ a. By Example 13.41 4. the word rc® ^ with a = T{b) is contractible. In the 
sequel, writing we always suppose that a ^ 'r( 6 ). 

It remains to prove the following lemma for i = 1,..., 6 . 

Lemma 9.1.1. (*) The word ^ is not homotopic to a word of length < 4 or 
to a monoliteral word. In particular, f, is non-contractible. 

(**) The words ic* f,, are homotopic if and only if a = a' and b — b'. 

(* * *) For j < i, the words of type re* are not homotopic to the words of type 
with the following exception: ~ for a = rib) ^ b. 

We prove this lemma case by case. The cases * = 3 and i = 6 need additional 
techniques at least for some a, b. The proof in this cases will be accomplished in 
Sect. El 

9.2. Case i = 1 . The etale word associated with = abaab is the pair {A = 
a, aabab). Its desingularization yields the nanoword w = A^A 2 BA'iAiA 2 AiB in 
the a-alphabet 

(9.2.1) {Ai = 02,3: ^2 = 01 , 3 , A 3 = 01 , 2 , B = &i, 2 } 

where [Ai| = IAI 2 I = = o, \B\ = b. The linking a-form of w is given by 


■ 0 

-I 

0 

0 ■ 


■ I 

1 

a ^ 

1 ■ 

I 

0 

-1 

1 

e 

II 

I 

1 

1 a 

0 

1 

0 

1 

0 

1 

1 a 

0 

-I 

-1 

0 


I 

0-1 

0-1 

1 


where the rows and columns correspond to Ai, A 2 , A 3 , B, respectively. Consider 
the associated a-pairing p'^ = {S, s, S x S ^ a). Here S = {s, Hi, H 2 , H 3 ,5} and 
S' X S' —> a is given by the matrix 


I 

0 

6-1 

0-16-1 

o2 

0-1 

I 

0-2 

0-2 

I 

b 

o2 

1 

0-2 

a^b 

ab 

o2 

o2 

I 

afb 

0-2 

I 

0-36-1 

0-36-1 

I 


where the rows and columns correspond to s. Hi, H 2 , H 3 , R, respectively. An 
easy inspection (using only that a ^ b) shows that is primitive and therefore 
1^0 bll = 11^11 =4. In particular wl^ f, is non-contractible. We can recover a and b 
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from as follows. Since is primitive, it is determined by the homotopy class 
of w\ j, uniquely up to isomorphism. The projection S — {s} ^ a takes one value 
(the letter a) with multiplicity 3 and another value (the letter h) with multiplicity 
1. This “multiplicity argument” shows that if j, ~ j,,, then a = a', b = b'. 

The equality = 4 implies that ^ is not homotopic to a nanoword of 

length < 4. That w is not homotopic to a monoliteral word follows from the 
fact that the projection S — {s} ^ a takes two distinct values while the similar 
projection associated with a monoliteral word takes only one value. 

9.3. Case i = 2. Since ^ is opposite to have ||w^^|| = ||w^^|| = 4 

and the claims {*), (**) for i = 1 imply similar claims for i = 2. We need 
to check only that w'^ ^ is not homotopic to w\i . As we know, the a-pairing 
of = (w;^ {,)“ is opposite to the one of If ~ then the 

multiplicity argument counting the values of the projection S — {s} —> a shows 
that a = a' and b = b'. The matrix of the a-pairing of ^ is obtained by 
transposition from the one of j, (and possibly by simultaneous permutation 
of rows and columns keeping the first row and the first column). Comparing 
the values in the first column we obtain that {a“^,6} = {a, 5“^}. Since a ^ b, 
we have r(a) = a,T{b) = b. Let H = {1,5} C tt. The iL-coverings of ~ 
ASA 2 BA 3 A 1 A 2 A 1 B and j, ~ BA 3 A 2 A 3 A 1 BA 2 A 1 are the nanowords A 2 BA 2 B 
and BA 2 BA 2 , respectively. Since a ^ 6, these nanowords are homotopic only if 
a = T{b) which is excluded by t(6) = b. 

9.4. Case i = 3. The desingularization of the etale word associated with ^ = 
aabab yields the nanoword A 3 A 2 A 3 A 1 BA 2 A 1 B in the a-alphabet (Pmil . Its 
linking a-form is given by 


0 

-1 

0 

1 ■ 


■ 1 

1 

a-i 

1 ■ 

1 

0 

-1 

1 

, lk = 

1 

1 

1 a 

0 

1 

0 

0 

a 

1 

1 a 

-1 

-1 

0 

0 


1 

a-i 

a-i 

1 


The associated a-pairing is given by the matrix 



1 

a6-i 

5-1 

a-i 

a2 


a-^b 

1 

a-2 

a-2 

ab 

p = 

b 

a2 

1 

a-2 

a^b 


a 



1 



a-2 

a~^b~^ 

a- 35-1 

a-2 

1 


where the rows and columns correspond to s, Ai, A 2 , A 3 , B, respectively. 

We first study the case where a ^ T{b) (and a ^ b). Then ab ^ 1 and p is 
primitive. The arguments as above show that: ||w^ j, 11 = 4; j, is not homotopic 
to a nanoword of length < 4 or to a monoliteral word; if f, ~ w^, with 
a' ^ {6',t(6')}, then a = a',b = b'. If ~ a' ^ 6', then the 
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multiplicity argument gives a = a' ,b = h' and comparing the values in the s- 
column we obtain that {a~^,b} = {a, 6 }. Hence a = T(a) ^ b. We must prove 
the following. 

Lemma 9.4.1. If a = T{a) ^ b, then the nanowords A 3 A 2 A 3 A 1 BA 2 A 1 B and 
A3A2BA3A1A2A1B in the a-alphabet um\) are not homotopic. 

The a-pairings of the nanowords in question are isomorphic and coverings do 
not help. We prove this lemma in Sect. im using other techniques. 

If ~ w^, with a' 7 ^ b', then as above a = a',b = b' and {a, b~^} = {a, b}, 
= {a~^b,a~'^}. Hence b = T{b) ^ a = T{a). Let H = {!,&} C tt. 
The 7J-coverings of ^ and ^ are the nanowords A 2 BA 2 B and BA 2 BA 2 . If 
they are homotopic, then a = b which contradicts the assumptions. 

We now study the case a = T{b). By Example Id.41 5. is homotopic to the 

nanoword Wo,o of length 4. The latter is non-contractible since a ^ b = T(a). 
Therefore ||w^j|| = 2. The word ^ ~ Wa,a is not homotopic to a word cdcd 
with distinct c, d £ a by Theorem 18.4.11 The word f, is not homotopic to a 
monoliteral word c™ with c G a, c 7 ^ t(c),to > 3 because ||c"*|| > 3 by iiiiwn 
and The word is not homotopic to re* / for i = 1, 2 since they have 

different norms. If rCo ^ — w^, , then f,/|| = (,|| = 2 and we must have 

a' = t(6'). Then Wa^a — Wa'y and therefore a = a' and b = T(a) = T(a') = b'. 


9.5. Case z = 4. Since ^ = {w^ j) , the claims (*), {**) for * = 4 follow from 
the similar claims for z = 3. The claim {* * *) for z = 3 implies that zu^is not 
homotopic to with j = 1,2. If a = r(&), then zu^ ^ ~ zu^ ^ by Example 

0315. It remains to prove that zc^ ^ with a 7 ^ r(&) (and a 7 ^ &) is not homotopic 
to w^, . If they are homotopic then the multiplicity argument yields a = a' and 

b = b' . The matrix of the a-pairing of ^ = (zc^ is obtained by transposition 
from the one of zc^ j. Comparing the values in the s-column we obtain that 
{a~^,b~^} = {a, b}. Since a ^ T{b) = b~^, we have a = a~^ = T{a) and b — T{b). 
Let H = {1, b] C TT. The nanowords (w^ = A 2 BA 2 B and (zc^ = BA 2 BA 2 

are homotopic only if a = r( 6 ) or a = b which is excluded by the assumptions. 


9.6. Case z = 5. The desingularization of the etale word associated with zc® ^ = 
baaab yields the nanoword BA 3 A 2 A 3 A 1 A 2 A 1 B in the a-alphabet (lOTTl . Its 
linking a-form is given by 


■ 0 

-1 

0 

0 ■ 


■ 1 

1 

a ^ 

a ^ 

1 

0 

-1 

0 

, lk = 

1 

1 

1 

1 

0 

1 

0 

0 

a 

1 

1 

a 

0 

0 

0 

0 


a 

1 

a~^ 

1 


n = 
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y the matrix 

a 1 a~^ 1 

1 a“^ a“^ 

1 a“^ 1 

1 

1 a“^ 1 

where the rows and columns correspond to s, A 2 , A 3 , i3, respectively. By our 
assumptions T(a) ^ a ^ b. Assume first that a 7 ^ t(&). Thenp is primitive and the 
arguments as above show that: 11^® {,|| =4; w® {, is not homotopic to a nanoword 
of length < 4 or to a monoliteral word; if j, ~ w^, ^ with a' ^ {5', t(6')}, then 
a = a' ,b = b'. If j, ~ with j = 1, 2, 3,4, then comparing the s-columns 

of the corresponding a-pairings we always obtain that b' = a', a, contradiction. 

We now study the case a = T{b) ^ b. By Example 13.41 5. ~ Wa,a- As in 

the case i = 3, we obtain that Ijw® ^|| = 2 and ^ verifies the claim (*) of the 
lemma. If w® ^ ~ for j < 5, then comparing the norms we observe that 

j € {3,4, 5} and a' = T{b'). Then Wa,a — b' — so that a = a' and 

b = T(a) = T{a') = b'. Thus we recover either one of the exceptional homotopies 
from {* * *) or the tautological homotopy w® ^ ~ w® j. 

9.7. Case i = 6. The desingularization of the etale word associated with w® ^ = 
ababa yields the nanoword w = A 3 A 2 i?A 3 Aii 3 A 2 Ai in the a-alphabet ElU). 
The linking a-form of w is given by 


■ 0 

-1 

0 

-1 ■ 


1 

6-1 


1 ■ 

1 

0 

-1 

0 

, Iknj — 

b 

1 

5-1 

1 

0 

1 

0 

1 

ab 

b 

1 

1 

1 

0 

-1 

0 


1 

1 

1 

1 


The associated a-pairing is given by the matrix 


1 

ab 

1 

0-15-1 

1 

-16-1 

1 

a-26-2 

a-25-2 

a-15-1 

1 


1 

a-25-2 

1 

ab 


0^62 

1 

ab 

1 

ab 

1 

a-15-1 

1 


where the rows and columns correspond to s, Ai, A 2 , A 3 ,i3, respectively. This 
matrix depends only on ab S tt. The assumption a 7 ^ rib) guarantees that ab ^ 1. 
It is clear that Ai,A 3 ,i 3 are not annihilating and A 2 is annihilating if and only 
if a^b^ = 1. The latter is equivalent to a = r(a) and b = t(6). The only possible 
twins are Ai, A 3 and again this happens if and only if a = r(a),5 = t( 6 ). Thus, 
if a = T{a),b = r(6), then is homologous to a trivial a-pairing. Since this 
is not the case for the words considered above in this lemma (i.e., the words 
,j = 1, ...,5, the non-contractible monoliteral words, and the non-contractible 
nanowords of length 4), w is not homotopic to either of them. It remains to prove 
the following. 


The associated a-pairing is given b; 


P = 


1 

,-i 
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Lemma 9.7.1. Let a = T{a) ^ b = T{b). Then li;® j, is non-contractible. If 
w® j ~ w®, with a' = T(a') ^ b' = T(b'), then a = a' and b — b' . 

We shall prove this lemma in Sect. 112.51 

Consider now the case where a ^ T(a) or b ^ T(f>)- Then p*" is primitive and 
||w|| = 4. The arguments given in the case i = 1 apply here and yield the claims 
(*)? (**) for i = 6. That w® f, is not homotopic to with j < 5 follows from 
the fact that their a-pairings are not isomorphic: the s-column of does not 

contain generators {e}e£a C tt while the s-column of the a-pairings associated 
with contains such generators. 

10. Colorings of nanowords 

Throughout this section we fix a set /3 C a such that r(/3) = /3. (The set /3 
may be empty or equal to a.) We shall use notation introduced in Sect. 18.ll 

10.1. Tricolorings. A tricoloring (with respect to /3 C a) of a nanoword (A, w : 
h A) over a is a function / : {0,1, ...,n} —> Z/3Z such that for any A € A 
with \A\ G /3, 

/(*a) = f{iA - 1 ), fUA - 1 ) + IUa) + filA) = 0 

and for any A G A with \A\ G a — f3, 

f{iA - 1 ) + f{iA) + IUa) = 0 , fijA) = fiJA - !)• 

Note that a sum of three residues (mod 3) is 0 if and only if these residues are 
either equal to each other or form the triple {0,1,2}. It is convenient to insert 
dashes between consecutive letters of w and also at the beginning and the end of 
w. Thus instead of w{l)w(2) ■ ■ ■ w{n) we write —ui(l) — w{2) — ■ ■ ■ — w{n) — . The 
residue f{i) can be interpreted as the label of the dash between w{i) and z(;(z-|-1). 
The residues /(O) and /(n) are the labels of the leftmost and the rightmost dashes, 
respectively. They are called the input and the output of /, respectively. 

The sum of two tricolorings of a nanoword w is a tricoloring of w. Thus the 
tricolorings of w form a vector space over Z/3Z. It is non-zero since w has constant 
tricolorings / = const. Let Ck,i = c{P,w)k,i be the number of tricolorings of w 
with given input and output k,l G Z/3Z. The difference between two tricolorings 
with the same input and output has input and output zero. Therefore either 
Ck,i = 0 or Ck,i = co,o- Adding constant tricolorings and negating, we observe that 
Ck,i depends only on k — I and Ck,i = C-k,-i. We conclude that the matrix {ck,i) 
has the form 


c 

c 

c 


c 

0 

0 ■ 

c 

c 

c 

or 

0 

c 

0 

c 

c 

c 


0 

0 

c 


where c = cq.o > 1 is a power of 3. 

An easy check shows that the number c{l3,w)k,i is preserved under homotopy 
moves on w for all k,l, cf. Sect. nroi This can be used to distinguish homotopy 
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types of nanowords (see examples below). In particular, if a nanoword admits 
non-constant tricolorings, then it is non-contractible. 

The formula w i—> {c((3,w)k,i)k,i(^i/3i defines a representation of the monoid of 
homotopy classes of nanowords TV, (a) in the monoid of integral (3 x 3)-matrices of 
type mm . For /3 = 0 or /3 = a, any nanoword has only constant tricolorings. 

10.2. Examples. 1. Consider the nanoword w = ABAB such that |A|, \B\ lie in 
different orbits of a. Take as f3 the orbit of |A|. Then w admits a non-constant 
tricoloring 

0 0 2 1 1 

- A-B- A-B-. 

This gives another proof of the fact that this nanoword is not contractible. 

2. Consider the nanoword w = AiA 2 BA^AiBA 2 A^ where |Ai| = \A 2 \ = 
and \B\ lie in different orbits of r. Take as f3 the orbit of |Ai|. An easy check 
shows that c(/3, w)k,i = 3 for all fc, 1. Here is an example of a coloring of w with 
distinct input and output: 

0001 1221 1 

— Ai — A 2 — B — A 3 — Ai — B — A 2 — A 3 — . 

Hence w is non-contractible. Note that w S Ker( 7 ). 

10.3. Ring A. To define more general colorings, we introduce a group 'I'q, gener¬ 
ated by {a,a,}oga with defining relations aa, = a,a and ar^a) = a, T(a), = 1 
for a G a. Let A = be the integral group ring of We view elements 
of A as non-commutative polynomials in the variables {a,a,}aea subject to the 
relations aa, = a,a and ar(a) = a, r(a), = 1 for all a G a. 

10.4. Generalized colorings. Let X be a left A-module. An X-coloring (with 
respect to /3 C a) of a nanoword (A, w : n ^ A) is a function / : {0,1,..., n} ^ X 
such that for any A G A with \A\ = a G (3, 

f{iA) = af{iA - 1), /(jA) = a,f{jA - 1) -b (1 - aa,)f{iA - 1) 

and for any A G A with \ A\ = a G a — P, 

f{iA) = a,f{iA - 1) -b (1 - aa,)f{jA - 1), /(jA) = af{jA - 1). 

For X = Zj'XL, ax = x,a,x = —x for all a S a, a; G X, this gives tricolorings of 
w. 

The sum or the difference of two X-colorings of w is always an X-coloring of 
w. The zero function / = 0 is an X-coloring of w. Generally speaking, non-zero 
constant functions are not X-colorings unless we make additional assumptions 
like for instance ax = x for all a G a, a: G X. If X is finite as a set, then there 
is only a finite number of X-colorings f oi w with given input k = /(O) G X and 
output I = f{n) G X. Denote this number X{P,w)k.i. As in Sect. 110.11 either 
X{P,w)k,i = 0 or X{P,w)k,i = X{P,w)o,o- An easy check shows that X{P,w)k,i 
is preserved under homotopy moves on w (we shall verify this in Sect. lll!!^ . The 
formula w 1 -^ {X{P,w)k,i)k,i^x defines a representation of N,(a) in the monoid 
of integral (card(X) x card(X))-matrices with non-negative entries. 
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A vast family of A-modules can be obtained by the following construction. 
Pick a unital associative ring R and two functions p,pt : a R such that 
p{a) p{T{a)) = p,{a) p,{T{a)) = 1 for all a G a. Any left i?-module X becomes a 
A-module by ax = p{a)x and a,x = p,{a)x for a G a,x G X. 

As an application, consider the nanoword ARAB over a = {a, r(a), 6, t(6)} 
with \A\ = a, \B\ = b. We check that this nanoword is not homotopic to its 
inverse. Set X = R = Z/5Z, (3 = {a, r(a)}, p = 1 (the constant function) and let 
p, : a ^ Z/5Z be given by p,{a) = pt{T{b)) = 2 and p,{T{a)) = p,{b) = 3. The 
nanoword ABAB admits a non-constant A-coloring 


while the inverse nanoword 
constant X-colorings. 


0 0 3 1 1 


- A-B- A-B- 
A'B'A'B' with I A'I = 


T(a), \B'\ 


T{b) admits only 


10.5. Exercise. Prove the identity X{f3,w )k,i = X{a — j3,w)i^k for any finite 
A-module X and k,l G X. 


11. Matrices, modules, and polynomials 

Throughout this section we fix a set /? C a such that t(/3) = [ 3 . We associate 
with each nanoword w a certain module Kij{w). We begin with so-called marked 
modules and weighted matrices. 

11.1. Marked modules and weighted matrices. By a marked module over a 
unital associative ring R, we mean a left i?-module K endowed with an ordered 
pair of vectors 'C-, r+ S K called the input and the output, respectively. By 
isomorphisms of marked modules we mean isomorphisms of modules preserving 
the input and the output. 

Let be the commutative ring obtained by quotienting R by the 2-sided 
ideal generated by the set {rs — sr\r,s G R}. Denote the projection R R^^ by 
<?• 

A weighted matrix over i? is a finite matrix over R endowed with an ordered 
pair of elements of R°‘^ called the weights. Consider the following transformations 
on a weighted matrix M with n > 1 rows and m > 1 columns. 

(i) ' Permutation of two consecutive rows and simultaneous multiplication of 
both weights by —1. 

(ii) ' Addition to the fc-th column of the j-th column multiplied on the right by 
an element of R where l<A:<TO,2<j<m — 1, and k ^ j. The weights are 
preserved. 

(iii) ' Striking out the i-th row and the j-th column provided n > 2, 1 < i < n, 
2 < j < m — 1 and the (i, j)-th entry Mij of M is invertible in R and is the only 
non-zero entry in the i-th row. The first weight is multiplied by 

and the second weight is multiplied by (— 

We say that two weighted matrices (possibly of different sizes) are equivalent if 
they can be obtained from each other by a finite sequence of transformations (i)' 
- (iii)' and the inverse transformations. The number m — n, called the deficiency 
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of M, is preserved under the transformations (i)' - (iii)^ For a weighted matrix 
M, denote by -PM the weighted matrix obtained by multiplying both weights of 
M by -1. 

Each weighted (n x TO)-matrix M presents an ii-module denoted K{M). More 
precisely, M determines an i?-homomorphism i?" —> i?"* where the canonical 
basis vectors of i?™ (resp. of i?") correspond to the columns (resp. the rows) of 
M. The cokernel of this homomorphism is K{M). The first and the last basis 
vectors of i?™ project to certain V-,Vj^ S K{M). This gives a marked module 
{K{M),v-,v+). It does not depend on the weights of M and is preserved (up 
to isomorphism) under the transformations (i)' - (iii)' on M and the involution 
M ^ H-M. 

A weighted matrix {M,r- S G i?“^) of deficiency 1 gives rise to two 

elements of as follows. Consider the square matrix (resp. M“^) obtained 
from M by deleting the first (resp. the last) column and projecting all entries to 
Rab Pqj, g g = Tg det(M“*’) G It is obvious that V^{M) 

is preserved under the transformations (i)' - (iii)' and V'^(-gM) = —V®(M). Note 
that is a presentation matrix of the i?“^-module (8 )_r K{M)/Rve. The 
principal ideal of generated by V'^(M) coincides with the order ideal of this 
module. (This i?“^-module can be presented by a square matrix over R°‘^ and the 
determinant of any such matrix generates the order ideal.) 

11.2. Matrices of nanowords. Recall the ring A = 'L'i’a introduced in Sect. 
[TO With each non-empty nanoword {A, w : n ^ A) over a we associate a 
(2n X (2n -I- l))-matrix M over A as follows. Let us numerate all letters of A 
by the numbers l,2,...,n. The fc-th letter Ak determines the {2k — l)-st and 
2fc-th rows of M. To define these rows, we shall use notation of Sect. EH If 
a = \Ak\ G /3, then 

—1,2.4 —1 — Al2k—l,iA — I 5 Af2fc,2.4 —1 — 1 , iVf 2 fc — 1 — — 1 

while all other entries of these two rows are 0. If a = |A| G a — /3, then one 
exchanges iaiJa in these formulas which gives 

M2k-i,jA-i = = —1, Af2/c,i.4-i = a,,M2k,iA = —^^M2k,jA-i = 1— 

while all other entries of these two rows are 0. We provide M with weights 
as follows. The ring A“^ is the ring of polynomials in the commuting variables 
{a,a,}aga subject to the relations aT{a) = a,T{a), = 1 for a G a. For a G a, set 
(a, w) = card{A G A | | A| = a} and 

= n (-aa.)"<“’“'^ = H ^ A“^ 

aGoi—fS a^Oi—(3 

The triple {M,r'^,r'^) is a weighted matrix over A denoted M{w) or Mfj{w). Its 
equivalence class does not depend on the choice of numeration of letters of A 
since the permutation of the rows of M correspondinding to two different choices 
is even. The next lemma describes the behavior of M(w) under homotopy moves 


on w. 
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Lemma 11.2.1. The equivalence class of M{w) is preserved under the first and 
second homotopy moves on w. If a nanoword v is obtained from w by the third 
homotopy move, then M{v) is equivalent to ^M(w). 

Proof. It is obvious that isomorphic nanowords give the same weighted matrices. 
Consider the first homotopy move w = {A,xAAy) (^ — {A],xy) = v with 
v We numerate the letters of A starting with A and set a = |A| G a. If 

a G (3, then 

To a -1 0 0 1 

M(w) = (^ 0 I — aa, a, —I 0 ,r^,r^^ 

mi 7712 0 7773 7774 

where 7711,7774 are matrices and m 2 , m 3 are columns over A, all with the same 
number of rows equal to twice the length of u. It is clear that r"" = r™ and 
M{v) = ([ttii 17772 + 7773 17774] , r", r" ) where the vertical bar separates submatrices. 
Multiplying the middle column of M (w) by a G A and adding it to the previous 
column we obtain a matrix in which the first row contains only one non-zero entry 
— 1. Applying the transformation (iii)' and using that aa, = a,a, we obtain the 
weighted matrix 

/ 0 1-10 

V [ 7771 1X12 m3 7774 J / 

where k is the number of columns in mi, that is the length of the word x. If 
X then A: 7 ^ 0 and we can apply the transformation (ii)' adding the column 
containing m 2 to the next one. Applying then (iii)' to the first row we obtain 
M{v). If X = 0, then the assumption u ^ 0 implies that 7 / 7 ^ 0 so that the column 
containing 7773 is not the last one. We can apply the transformation (ii)' adding 
this column to the previous one. Then applying (iii)' to the first row we again 
obtain M{v). II a G a — (3, then 

Too a -1 0 1 

M{w) = (^ 0 a. -aa, 0 0 

7771 1172 0 m 3 mi 

It is clear that M{v) = ([7771 | m 2 + m 3 \ 7774 ], r", r") where r" = —aa,r^. Multi¬ 
plying the middle column of M(w) by = r(a) G A and adding it to the next 
column we obtain a matrix in which the first row contains only one non-zero entry 
a. Applying (iii)' to the first row we obtain the weighted matrix 

0 a, -a, 0 1 

V 777 i 7772 W3 W4 ) 

where k is the length of x. If x 7 ^ 0, then we can add the column containing m 2 
to the next one and then apply (iii)' to the first row to obtain Miv). If x = 0, 
then 7/ 7 ^ 0 and we proceed as above. 

Consider the move w = {A, xAByBAz) 1 -^ (^ — {A, B}, xyz) = v where \A\ = 
T(|i3|). Applying if necessary several inverse first homotopy moves to w, we can 
assume that the words x, y, and z are non-empty. We numerate the letters of A 
starting with A,B. Set a = |A|, b = \B\ = T{a), and r = G A“^. By the 
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definition of A, we have ab = a,b, = 1 e A. Note that r'’ = r'^ = r. This is 
obvious a a,b € (3 and follows from the equality aa,bb, = aba,b, = 1 in A“^ if 
a,b G a — (3. Suppose that a,b G p. Then 

'0 a -1 000000' 

0 1 — aa, 0 0 0 0 a, —1 0 

M{w) = ^0 0 b —10 0 0 0 0 ,r,r\ 

^0 0 1-56. 0 0 6 . -1 0 0 ^ 

nil 1712 0 m 3 1714 1715 0 niQ my 

where mi, 7714 , my are non-void matrices and m 2 , m 3 , ms, tuq are columns over A, 
all with the same number of rows equal to twice the length of v. It is clear that 

M{v) = ([mi I m 2 -I- m 3 I m 4 I ms -f me I my], r, r). 

Multiplying by 5 S A the column of M{w) containing m 3 and adding it to the 
previous column we obtain a matrix in which the third row contains only one 
non-zero entry —1. Applying (iii)' to this row we obtain the weighted matrix 

'0 a -1 00000' 

/ 0 1 — aa, 0 0 0 a, —1 0 

VO 0 1 - 56. 0 6 . -1 0 0 V 

mi 1712 iTisb 1714 ms 0 me my 

where k is the number of columns in mi, that is the length of the word x. Similarly 
using the entry —1 in the second row and applying (ii)', (iii)V we can transform 
the latter weighted matrix into 

'0 a -1 0 0 0 0 ' 

0 0 1 - 55. 0 5. -1 0 

mi m 2 -I-me(l — aa.) 1713 b 1174 ms meo, my 

with both weights equal to (—l)*“''^r where I is the number of columns in 1714 . The 
latter matrix is similarly transformed into 

0 (l-55.)a 0 5. -1 O' 

mi m 2 -|-me(l — aa.)-I-m 35 a 1714 ms meo, my 

with weights (— 1 )^+V, (—l)^+*+ir and finally into 

([mi 1 1712 + i7ie{l — aa.) -I- msba + niea,(l — bb,)a \ 1714 \ ms -I- mQa,b, \ my], r, r). 

Since ab = b,a, = 1, the latter weighted matrix coincides with M(v). 

The case where a,b G a — P is treated similarly. For completeness, we specify 
the matrix M (w) in this case leaving to the reader to verify that it is equivalent 
to M{v): 

'00000 0 a -10' 

Oa, —10 0 0 1 — aa, 0 0 

M{w)=( 0 0 0 0 0 5 -1 0 0 ,r,r). 

^ 0 0 5. -1 0 1 - 55. 0 0 0 ^ 

mi 1712 0 m 3 1714 Tn^ 0 mg my 
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Consider the move w = {A, xAByACzBCt) {A, xBAyCAzCBt) = v where 
1^1 = \B\ = \C\. Applying if necessary several inverse first homotopy moves 


to w, we 

• can assume 

that the 

words x^y, 

z,t are non-empty. 

Set 

a = 

|A| G 

<7 = 1 — ao, S . 

A, and 

r = 

r™ G 

A'*'’. 

Clearly, r*' 

_ J.W 

= r. 

If a 

G /?, 

then 



0 

a 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

q 

0 

0 

0 

a. 

-1 

0 

0 

0 

0 

0 

0 


0 

0 

a 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

M{w) = 

0 

0 

q 

0 

0 

0 

0 

0 

0 

a. 

-I 

0 

0 


0 

0 

0 

0 

0 

0 

a 

-1 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

q 

0 

0 

0 

a. 

-I 

0 


mi 

m2 

0 

m3 

m 4 

ms 

0 

me 

m^ 

ms 

0 

mg 

mio 

with weights r 

, r and 













0 

a 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

q 

0 

0 

0 

0 

0 

0 

0 

0 

a. 

-I 

0 


0 

0 

a 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

M{v) = 

0 

0 

q 

0 

0 

0 

a. 

-1 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

a 

-1 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

q 

0 

0 

0 

a. 

-1 

0 

0 


mi 

m2 

0 

m3 

m 4 

ms 

0 

me 

m^ 

ms 

0 

mg 

mio 


with weights r,r. It is an exercise in linear algebra to verify that M(w) is equiv¬ 
alent to the matrix 


[mi I m 2 -I- + meaq + mgq \ \ -\- m^aa, -I- mga,q \ my | ms + mgo^ | mio] 

with weights r, r. The matrix M(v) is equivalent to the same matrix with weights 
—r, —r. Thus, M{v) is equivalent to ^M(w). Similarly, if a G a — /3, then M{w) 
is equivalent to the matrix 

[mi I m 2 -I- mga^ \ m^ \ m^ + m^a^q -\- mgaa, \ my | ms + mgq + m^aq + mgo? \ mio] 

with weights —r,—r and M(v) is equivalent to the same matrix with weights 
r, r. □ 

To describe the behavior of the weighted matrix under operations on nanowords, 
we need two involutions on the set of weighted matrices over A. Define first a ring 
involution Ai-^A:A^Abya = a~^ = T(a) and a7 = a~^ = r(a), for a G a. 
Given a weighted matrix M, denote by M the matrix obtained by applying this 
ring involution to all entries of M and applying the induced involution of A^** to the 
weights. For an (n x m)-matrix M = set M~ = {Mn+i-i,m+i-j)i,j■ The 

second involution on the set of weighted matrices over A transforms (M, r_,r+) 
into {M~,r+, r_) if the deficiency of M is odd and into r+) if the defi¬ 

ciency of M is even. Both involutions are compatible with the equivalence, that 
is transform equivalent weighted matrices into equivalent weighted matrices. 

It follows from the definitions that M (w) = M(w). The next lemma computes 
Ma-f 3 {w~) from Mjs{w). 
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Lemma 11.2.2. For any nanoword (yl, w), the weighted matrix Ma-gi^w ) is 

obtained from Mjj(w) by transformations (i)' - (Hi)' and the following transfor¬ 
mations on weighted matriees: (iv)' addition to a row of another row multiplied 
on the left by an element of K, the weights being preserved and (v)' multiplication 
of a row by an invertible element A € A, the weights being multiplied by A“^. 

Proof. Let us numerate the letters of A. Recall that the fc-th letter Ak contributes 
2 rows to Mp{w). Set a = \Ak\,i = iA^A = Assume first that i < j — 2. If 
a £ P, then the rows contributed by Ak are 

Oi_i a —1 Oj-i -2 0 0 0„_j 

O^—i 1 aa^ 0 Oj—i—2 1 On—j 


where Og stands for a row of s zeros. The corresponding rows in Mpiuj) are 
On—j 1 0 j_ 2—2 0 1 a a^ Oj —1 

_ On-j 0 0 0,_i_2 -1 a-1 0,_i _ • 

Permuting these two rows we obtain 


■ On-j 0 0 0,_,_2 -1 a-1 0,_i ■ 

On—j 1 a^ Oj—i—2 0 1 a a^ Oj_i 

Multiply the hrst row by a~^ — a and add it to the second row. This gives 

■ Qn-j 0 0 0j_,_2 -1 a-i 0,_i ■ 

On—j 1 0j_j_2 a a^ 0 0j_]^ 

Multiplying the hrst row by —a and the second row by —a, we obtain 


On-j 0 0 Oj-i-2 a Oi_i 

On—j ^9 1 Oj—i—2 1 aa^ 0 Oj—i 


These are exactly the rows contributed by Ak to Mo,-j 3 {w~). The cases where 
i = j — 1 01 a£a — P are similar. That the weights behave appropriately is left 
to the reader as an exercise. □ 


Given two nanowords w, w', we can compute the weighted matrix M (ww') from 
M(w) = (M,r_,r+) and M{w') = {M',r'-,r'jf). Let us write M = [M+ m+] 
where m+ is the last column of M and M_|_ is obtained from M by deleting m+. 
Similarly, M' = [m'_ M'_] where m'_ is the hrst column of M'. Then 


M{ww') = ^ 


M+ TO+ 0 
0 m'_ M'_ 


,r_r_,r+r+ 


i)- 


11.3. Module Ar, 9 (zi;). Bv Sect. lll.il the weighted matrix Mgiw) of a nanoword 
w gives rise to a marked A-module Kp(w) = K{Mp{w)). Lemma fl 1.2. II implies 
that Kp{w) is preserved under homotopy moves on w. It is clear that Kpfw) = 
Kfjiw) where for a A-module K, the A-module K is obtained from K by pulling 
back along the involution A A : A ^ A. Lemma [11.2. 21 implies that Ka-/j{w~) 
is obtained from Kpiw) by permuting the input with the output. 
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For a A-module X, the X-colorings of w bijectively correspond to A-linear 
homomorphisms Kfj{w) X. Hence for finite (as a set) X, the number of X- 
colorings of w with given input and output is a homotopy invariant of w. 

Further homotopy invariants of w are provided by the elementary ideals and 
other invariants of the A“^-module A“^(g)A Ar^(w) and of its quotients by the input 
and/or the output. We discuss two such invariants in the next subsection. 

11.4. Polynomials V^(w). Since the deficiency of the weighted matrix M = 
Mfj{w) is equal to 1, Sect. 111.11 yields two polynomials V“(M),V+(M) S A“^. 
Lemma cmi implies that they are homotopy invariants of w at least up to 
multiplication by —1. We eliminate the sign indeterminacy as follows. Consider 
the homomorphism aug : A“^ ^ Z sending all a, a, to 1. In other words, the 
value of aug on A S A“^ is the sum of coefficients of A. Applying aug to all entries 
of M and permuting the rows, we obtain the matrix 

■ 1 -1 0 0 ■ 

0 1 -1 0 

••• 0 0 1-1 

Therefore aug(V'^(M)) = ±1 for e = ±1. The polynomial 
V^(w) = aug(V'^(M)) V"(M) G A“^ 

is a homotopy invariant of w without any indeterminacy. Clearly, aug(V^(rc)) = 
1. The results of Sect. 111.^ imply that 

V^(uJ)=V|H, = V^(W) = V^(u;)V^(ic'). 

12. Invariant A 

We use the modules of nanowords to define a A-valued homotopy invariant of 
nanowords A. As an application we give a homotopy classification of nanowords 
of length 6. 

12.1. Invariants A' and A. For a nanoword {A^w : n —> A), consider the A- 
module Ka{w) corresponding to (3 = a. This module is free of rank 1. Indeed, 
let V- = xo,xi, ...,Xn = v+ be the generators of Ka{w) determined by the first, 
second, etc. columns of the matrix M = Ma{w). The two rows of M derived 
from a letter A € A express Xi^ as a linear combination of Xg with s < ia and 
express Xj^ as a linear combination of Xg with s < j a- Therefore Ka{w) = Au_. 
Then = X'(w)v- for a unique X'(w) G A which is a homotopy invariant of 
w. It admits an equivalent but more convenient version X{w) defined as follows. 
Consider the involutive anti-automorphism i : A —> A equal to the identity on the 
generators {a, a,}oeQ C A. Thus l acts on monomials by reading them from right 
to left. For instance, i{aba,) = a,ba. Set 

X{w) = l{X'{w)) G a. 

We describe a simple method allowing to compute X{w) (and extending the 
Silver-Williams method IHSl in the setting of virtual strings). For each i = 1, ...,n 
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Figure 3. Graph r„, for w = ABAB 


there is a unique row in M expressing the generator Xi G Ka{w) via the generators 
with smaller indices. This relation has either the form Xi = kiXi-i with ki G A 
or the form Xi = kiXi-i + Uxi' with kt, U G A, U ^ 0, and i' < i — 1. We form a 
graph Fu, with n + 1 vertices {0,1, 2, n} and 3 ?t./ 2 edges as follows. A relation 
of the form Xi = kiXt-i gives rise to one edge - the segment [i — 1, i] C R with 
endpoints i — l,i- We place on this edge the weight ki. A relation of the form 
Xi = kiXi-i + liXi! gives rise to two edges: the segment [i — l,i] C R and an arc 
connecting i with i' (and disjoint from the rest of F^). We place on these two 
edges the weights ki and h, respectively. Consider a path leading from n to 0 and 
following along the edges of F^, always from the bigger endpoint to the smaller 
one. Compute the product of weights associated with the edges lying on the path 
writing the weights from right to left in the order of appearance of the edges on 
the path. Summing these products over all such paths from n to 0 we obtain 
X{w). 

Example: for w = ABAB with |A| = a G a, |i?| = 6 G a, there are three paths 
in Fu, contributing to A(w), cf. FigureOl This gives 

(12.1.1) ^(w) = aba,b, + (1 — aa,)b, + a(l — bb,). 

We describe a more general class of nanowords for which A can be computed 
explicitly. Pick a finite sequence of letters (possibly with repetitions) oi,..., am G 
a and a permutation a : rh ^ m. Consider the nanoword [A = {Ai ,..., Am}, w : 
2m A) where \Ai\ = a^, w{i) = Ai and w(i + m) = for i = 1, ...,m. Thus 
w = A 1 A 2 ■ ■ ■ AmA^(^i)A„( 2 ) ■ ■ ■ ^cr(m) with \Ai\ = Gi. The corresponding graph F 
contains precisely m + 1 paths from 2m to 0 and 

(12.1.2) A('ic) = U 1 U 2 ' * * Hyn (ll{7(l) )• (llcr(2))» * ' * {^(T{m))* 


m 



12 . 2 . Properties of A. It follows from the definitions that A(w) = X{w) and 
X{ww') = X(w)X{w') for any nanowords w,w'. The graph T^- is obtained from 
Fu, by relabeling the vertices (i becomes n—i) and exchanging a <-> a, for all a G a. 
Therefore X(w~) = k(X(w)) where k is the ring anti-automorphism of A defined 
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on the generators a € a by k(o) = a,,K(a,) = a. Thus if w is homotopically 
symmetric then k{X{w)) = X{w). If w is homotopically skew-symmetric then 
k{X{w)) = X{w). If w is contractible, then X{w) = 1. 

To state further properties of X{w), recall the group 11 defined in Sect. l4.ll a,nd 
consider the ring homomorphisms p,r,r, ; A —> ZII defined on the generators of 
A by p{a) = Za, p{a,) = Zr(a), r{a) = Za, r{a,) = I and r,(a) = 1, r,(a,) = Za- 

Lemma 12.2.1. For any nanoword w, p{X{w)) = j(w) G U is the invariant 
defined in Sect. \41\ and r(X(w)) = r,(X(w)) = 1 G ZII. 

Proof. Substituting a, = a~^ in the matrix Mo,{w) we obtain Xi^+i = and 

Xjj^+i = \A\~^Xjj^. Comparing with the definition of 7 (w), we obtain p(A(w)) = 
'){w). Substituting a, = 1 in the matrix M^iw) and adding all rows we obtain a 
row with first entry 1, last entry —I, and all other entries 0. Hence r{X{w)) = 1. 
Substituting X{w~) = k{X{w)) in r{X{w~)) = I we obtain a formula equivalent 
to r,{X{w)) = 1. □ 

The polynomials V“(r(;), V+(w;) defined in Sect. 111 .^ Ifor (3 = a) can be com¬ 
puted as follows: V“('u;) = 1 and V+(ry) = q{X'{w)) = q{X{w)) where q is the 
projection A ^ A“^. Thus X{w) is a common extension of Vj(w) and jiw). 

12.3. Derived invariants. For a monomial m G A in the generators {a,a,}a^a, 
denote deg(m) the number of generators without • appearing in m and denote 
deg,(m) the number of generators with • in m. For instance deg(aba,) = 2 and 
deg,(a 6 a,) = 1. We have 

A = Aq^o ® Ao,i © Ai^o © Ai j 

where Aij C A is additively generated by the monomials m such that deg(m) = 
j(mod 2 ) and deg,(m) = j(mod 2 ). As a corollary, the invariant X(w) of a 
nanoword w splits as a sum of 4 homotopy invariants 

X(w) = Xo.o(w) + Xo.i(w) + Ai,o(w) + Ai,i(w) 
such that Xij(w) G Aij for all i, j. 

Consider the ring homomorphism '0 : A —> Zn©)zZn defined on the generators 
a G a of A by ifia) = Za©l and '0(n») = For instance, 'if{aba,) = ZaZh®Za. 

The set {x © y}x,y£n is a basis of the additive group ZH ©z ZH. For A G A, we 
have a unique (finite) expansion ip{X) = x®y with A^’^ G Z. For a 

nanoword w, this gives a set of homotopy invariants {{X{w))^’'^ G Z}x,y£n- 

12.4. Proof of Lemma 19.4.IL For w = ^ 3 ^ 2 ^. 3 ^ 15 ^ 2 ^ 111 , there are 7 paths 
in the graph Fu, contributing to X{w), see Figure ^ We have 

X{A 3 A 2 A 3 AiBA 2 AiB) = (1 — aa,)'^b, + (1 — aa,)a{l — bb,) + (1 — aa,)abalb, 
+a(l — aa,)a,b, + a^a,(l — aa,)b, + a^a,(l — bb,) + af’a,ba1b,. 

This implies that Xi^i{A^A 2 A^AiBA 2 AiB) = a^a, — a^a^b,. In particular if 
a = T(a), then we have Xi^i{A^A 2 A^AiBA 2 AiB) = aa, — ab,. Similarly, 

X{A 3 A 2 BA 3 AiA 2 AiB) = (1 — aa,)^b, + (1 — aa,)aa\b, + a(l — aa,)a,b. 





TOPOLOGY OF WORDS 


45 


1-aa, 1-aa, 1-aa, 1-bb, 



Figure 4. Graph Fu, for w = A 3 A 2 A 3 A 1 BA 2 A 1 B 


+ 0^(1 — bb,) + a^&a,(l — aa,)b, + a^baalb,. 

This implies that \i^i{A-iA 2 BA^AiA 2 AiB) = aa'^b, — bb,. For a = T(a), we have 
\i^i{A 3 ,A 2 BAs,AiA 2 AiB) = ab, — bb,. The equality aa, —ab, = ab, — bb, implies 
that aa, = ab, so that a = b which contradicts the assumptions of the lemma. 

12.5. Proof of Lemma I9.7.1L A desingularization of gives the nanoword 

A 3 A 2 BA 3 A 1 BA 2 A 1 in the a-alphabet We have 

X{A 3 A 2 BA 3 AiBA 2 Ai) = (1 — aa,)^ + (1 — aa,)ab,a^ + a(l — aa,)a, 

+ 0^(1 — bb,)al + a^ba,{l — aa,) + a?baa,b,a\. 

Substituting here a? = al = b"^ = b1 = \ (due to the assumptions a = T{a),b = 
t( 6 ), we easily obtain that 

Ai 1 = Xi_i(^A^A 2 BA^AiBA 2 Ai) = 2 — ba — a,b, + baa,b,. 

Note that ba ^ 1 and a,b, ^ 1 since r(a) = a ^ b. Therefore Ai.i 7 ^ 0. Moreover, 
knowing A 14 we can recover ba: This is the only non-trivial element a: G 11 such 
that (Ai.i)^’^ = —1. The equality ba = b'a' implies that b = b',a = a' which 
concludes the proof of the lemma. 

12.6. Remark. For a nanoword w = Ai ■ ■ ■ set re* — IAiI* • • ■ IA„I* s A 
where |Ai|* = \Ai\ if i numerates the first occurence of the letter Ai in w and 

= \ Ai\, if i numerates the second occurence of Ai in w. The computation of 
A in Sect. 1 12 m implies that A(ui) — w* is an algebraic sum of monomials m in the 
generators a, a, such that max(deg(m), deg,(m)) <nl2 and deg(m) +deg, (m) < 
n. 

12.7. Exercise. Deduce from Lemma [12. 2. II that if a is a one-element set, then 
X{w) = 1 for any nanoword w over a. 

13. Analysis litterae II 

In this section we give a homotopy classification of nanowords of length < 6 . We 
begin with nanowords of length 4. We shall use the homomorphism ip introduced 
in Sect. (TO 
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13.1. Nanowords of length 4 re-examined. Let w = ABAB with |y4| = a G 
a, \B\ = h & a. Formula 112.1.11 implies that 

Ao,o(^y) = aba,bt, Xi,o{w) = a — aa,b,, Ao,i(w) = b, — abb,, Ai,i('u;) = 0. 

Then 'ip{Xo^i{w)) = (1 — ZaZb)iS>Zb. Note that ZaZb = 1 G 11 if and only if a = r(6). 
Therefore ■!/>(Ao,i('ir)) = 0 implies that a = t( 6) and then w is contractible. Con¬ 
versely, if w is contractible then Ao,i(w) = 0. We conclude that w is contractible 
if and only if ip(Xo^i{w)) = 0. If 'ip(Xo^i{w)) ^ 0, then we can recover a and b from 
^(Ao,i(w)). This gives an alternative proof of Theorem l8.4.1l and shows that A is 
a faithful homotopy invariant of nanowords of length 4. 


13.2. Nanowords of length 6. Pick three letters a,b,c G a (possibly coincid¬ 
ing). Let A be the a-alphabet consisting of 3 letters A,B,C with |A| = a, \B\ = 
b, \C\ = c. Consider the nanowords wh, ^ = ABC ABC and 


w 


2 

a,b,c 


ABCACB.w 


3 

a,b,c 


= ABCB AC, w 


4 

a,b,c 


ABCBCA, wlb,c = ABACBC 


in this a-alphabet. It is easy to check that any nanoword of length 6 is either 
homotopic to a nanoword of length < 4 or is isomorphic to ^ ^ with i G {1,...,5}. 
We now point out obvious sufficient conditions for ^to be contractible. 

If a = rib) or c = r(&), then = ABC ABC is contractible. We say that 

an (ordered) triple a, 5, c G a is 1-regular ii a ^ rib) ^ c. 

If c = t(6 ), then = ABC AC B is contractible. A triple a, 6, c G a is 

2- regular ii c ^ '^(^)- 

If a = t(6 ), then = ABCBAC is contractible. A triple a, 6, c G a is 

3- regular if a T(b). 

If c = r(6), then ^ = ABCBCA is contractible. A triple a, 6,c G a is 

4- regular if c T{b). (This coincides with the 2-regularity). 

If a = & = c = T(a), then wh, ^ = ABACBC is contractible by the moves 
ABACBC 1 -^ BACACB ^ BB i-^ 0. We say that a triple a, 5, c G a is singular 
ii a = b = c = T(a) and 5-regular otherwise. 

The following theorem gives a homotopy classification of nanowords of length 
6. Its proof shows that A is a faithful homotopy invariant of nanowords of length 6 
corresponding to regular triples a, b, c. However, one of the claims of the theorem - 
that R'a f, c homotopic to a nanoword of length 4 - needs subtler techniques 

in the case a = c = T{b) ^ b. This is due to the fact that in this case the 
invariant A and all the other invariants of nanowords introduced above do not 
distinguish = ABACBC from Wa,c = AC AC. That these nanowords are 

not homotopic will be proven in Sect. 


Theorem 13.2.1. Fori = 1,..., 5 and any i-regular triple a,b,c G a, the nanoword 
c neither contractible nor homotopic to a nanoword of length 4- The 
nanowords re* corresponding to i-regular triples a, b, c and a', b', d are homotopic 
if and only if a = a', b = b', and c = c'. For i j, the nanowords w’‘ corre¬ 
sponding to i-regular triples are not homotopic to nanowords corresponding to 
j-regular triples with one exception: b c — '^a b c a = b = c T(a). 
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Proof. Set w = w]ib c- Formula (im~a with (T = id yields 

\(w) = abcambtCm + (1 — aa,)b,Ct + a(l — bb,)c, + ab{l — cc,). 
Therefore Ao.i(r') = Ai^o('^) = 0 and 

Ao,o(r') = ab + b,c, — abb,c,, Ai^i(r(;) = ac, — aa,b,c, — abac, + abca,b,c,. 

Clearly, '0(1 — Ao,o(ip)) = (1 “ ZaZb) < 8 ) (1 — z^zf). If w is contractible, then 
Ao,o(r') = 1 and we must have ZaZb = 1 or zi,Zc = 1- Then a = t( 6 ) or c = r(6) 
which is excluded by the 1 -regularity. 

This argument shows, moreover, that we can recover ZaZi, and zi,Zc from Ao,o(^t). 
Therefore if ^ ^ ~ w^, ^ then ZaZh = Za'Zy and ZbZc = Zb'Zc'- The equality 
ZaZb = Za'Zb' G H holds in only two cases: when a = a',b = b' and when a = T{b) 
and a' = The second option is excluded by the 1-regularity. Therefore 

a = a', b = b', and c = c'. 

That w is not homotopic to a nanoword of length 4 follows from the formula 
Ao,i(r') = 0 and the fact that nanowords of length 4 with Ao,i = 0 are contractible. 
Set w = Formula ( 112 . 1.211 with cr(l) = 1, a(2) = 3, (t( 3) = 2 yields 

X{w) = abca,c,b, -|- (1 — aa,)c,b, -\- ab{l — cc,)b, + a(l — bb,). 

Therefore Ao,o(r') = c,b,, Ao,i(r/;) = 0, and 

Ai,o(r') = cl — abcc,b,, Ai^i(ry) = abca,c,b, — aa,c,b,. 

If w is contractible, then Ai^o('R') = 0. This implies c = t(&), excluded by the 2- 
regularity. For a 2-regular triple a, b, c, we can recover &, c from Ao,o(r') and a from 
Ai,o(r^)- (Indeed, x = Za is the only element of 11 such that (Ai_o('u:))'^’^ ^ 0.) 
That w is not homotopic to a nanoword of length 4 follows from the formula 
Xo,i(w) = 0 and the fact that a nanoword of length 4 with Ao,i = 0 must be 
contractible. That w is not homotopic to a nanoword of type follows from the 
formulas Ai^o(w^) = 0 and Ai_o(r') 7 ^ 0 . 

Set w = Formula ( 112 . 1. 211 with tT(l) = 2, cr(2) = 1, a(3) = 3 yields 

A('u;) = abcb,a,c, + a(l — bb,)a,c, -|- (1 — aa,)c, + ab(l — cc,). 

Therefore Ao.o(r') = cib, Ai^o(it) = 0, and 

Ao,i(ic) = c, — abb,a,c,, Ai,i(i(;) = abcb,a,c, — abcc,. 

If w is contractible, then Ao,i(w) = 0. This implies a = T{b), excluded by the 3- 
regularity. For a 3-regular triple a, b, c, we can recover a, b from Ao,o(''t) and c from 
Ao,i(rc). (Indeed, y = Zc is the only element of 11 such that (Ao,i(w))^’*^ ^ 0.) 
That w is not homotopic to a nanoword of length 4 follows from the formula 
Ai,o(r') = 0 and the fact that a nanoword of length 4 with Ai^o = 0 must be 
contractible. That w is not homotopic to a nanoword of type or uP' follows 
from the formulas Ao 4 (w^) = Ao,i(w^) = 0 and Ao,i(w) 7 ^ 0 . 

Set w = Formula (112.1.211 with cr(l) = 2, cr(2) = 3, cr(3) = 1 yields 

\{w) = abcb,c,a, + a(l — bb,)c,a, -\- ab{l — cc,)a, -|- 1 — aa,. 
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Therefore = !> and 

Ai,o(it;) = ac»a,—a5cc,o,, Ao,i(w) = a5a,—a66»c»a,, Ai 4 (r(;) = a6c6,c»a,—aa,. 

If w is contractible, then Ai^o('w) = 0- This implies c = r(6), excluded by the 
4-regularity. For a 4-regular triple a,5, c, we can recover a,b,c from Ai,o(rc). 
Indeed, x = Za is the only element of 11 such that = 1 for some 

yen. This recovers a. Similarly, x' = ZaZbZc is the only element of 11 such that 
(Ai^o('*^))'^ = ~1 for some j/ G 11. Knowing x,x', we recover x~^x' = z^Zc and 

the letters &, c. That w is not homotopic to a nanoword of length 4 follows from 
the formula Ao^oi'^) = 1 and the fact that a nanoword of length 4 with Aq^q = 1 
must be contractible. That w is not homotopic to a nanoword of type or 
follows from the formulas Ao 4 (rc^) = Ao,i(rc^) = 0 and Ao,i(w) ^ 0 (in the 
4-regular case). That w is not homotopic to a nanoword of type follows from 
the formulas Ai,o(w^) = 0 and Ai,o(rc) ^ 0. 

Set w = ^ = ABACBC. There are 5 paths in the graph Tu, contributing 

to A{w). This gives 

A{w) = (1 — aa,) (1 — cc,) -|-a6a,(l — cc,) -|-a(l — bb,)c, + (1 — aa,)cb,c,+ aba,cb,Ct. 
Therefore 


Ao.o(rr') = 1 — abb,c, + aa,cc,, Ai^o(rr') = c6,c, — aba^cc,, 

Ao.i(ry) = aba, — aa,cb,c,, Aip(r(;) = ac, — cc, — aa, + aba,cb,c,. 

Then 'i/j(Ai^o(w)) = Zc <S> Zt,Zc — ZaZ^Zc <S> ZaZc- Observe that Zc = ZaZ^Zc a = 
t( 6) and ZbZc = ZaZc & = a. Thus if Ai,o(rc) = 0, then T(a) = a = b. A 
similar analysis shows that if Ao,i(rc) = 0, then t(6) = b = c. Therefore if w is 
contractible, then the triple a, 6, c is singular. 

Now we show how to recover a, b, c from w = ^ provided w is non- 

contractible. Suppose first that ■i/'(Ai,o(ii')) 7^ 0. Then x = Zc is the only element 
of n such that (Ai,o(w^))^’^ = 1 for some j/ S 11. This y is unique and equal to 
ZbZc- This recovers c and b. Then it is easy to recover a from i/>(Ai.o(w)). If 
ip{Xifi{w)) = 0, then T(a) = a = b and -ip^Xi^i^w)) = a <8> (c, — a,). Since w is 
non-contractible, a ^ c. Thus we can recover a and c from Aiq(t(;). 

If w is homotopic to a nanoword w^, then Ao,i('ic) = Ai^o(w^) = 0. As shown 
above, this implies that the triple a, b, c is singular. 

If w is homotopic to a nanoword w'^, then Ao,i('ic) = 0 and Ao,o('w) is a mono¬ 
mial. The latter implies that abb,c, = 1 or abb,c, = aa,cc,. Applying ip, we 
easily deduce that in both cases a = c. The equality Ao,i('ic) = 0 implies that 
t(6) = b = c. Hence the triple a, b, c is singular. 

If w is homotopic to a nanoword w^, then Ai.o(rc) = 0 and Xo,o(w) is a mono¬ 
mial. The former implies that a = b = T(b) and the latter implies that a = c. 
Hence the triple a, b, c is singular. 

If w is homotopic to a nanoword w'^, then Ao,o(w^) = 1- Hence abb,c, = aa,cc,. 
Multiplying on the left by T(a) and on the right by (t(c)), we obtain bb, = a,c. 
Applying ip, we easily deduce that a = b = c. For a = b = c, the nanowords 
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w = ABACBC and = ABCBCA are related by the homotopy 

ABACBC^ADEBACBEDC^DAEBCABECD^DACACD 

where \D\ = a, \E\ = ria) (the nanoword DACACD is isomorphic to ABCBCA). 

It remains to show that w is not homotopic to a nanoword of length 4. Suppose 
first that a ^ c or c ^ If ^ is homotopic to a nanoword of length 4, then 
Ai^i(rc) = 0 and hence 

1p{Xl^l{w)) = Za ^ Zc - Zc ^ Zc - Za ^ Za + ZaZbZc ® ZaZbZc = 0 . 

The term Za ® z^ must cancel with either z^ ® Zc or Za® Za- In both cases a = c. 
The term ZaZbZ^ ® ZaZbZc must then cancel with Za ® Za- This is possible only if 
c = t(&) which contradicts our assumptions. 

Consider the remaining case a = c = T{b). By the 5-regularity, a ^ T{a). We 
prove here the following weaker claim: if w is homotopic to a nanoword KLKL, 
then \K\ — \L\ = a. That this is also impossible will be proven in Sect. II 6.51 To 
prove the weaker claim, set k = \K\,l = \L\. Then \i^q{KLKL) = k — kk,l,. 
Since a = c = T{b), we have Ai^o(it) = c6,c, — aba^cc, = a — aa,a,. The 
equality k — kk,l, = a — aa,a, is possible in only two cases: when k = I = a and 
when k = T{l),a = T(a). The latter is excluded by the 5-regularity. Therefore 
k = I = a. □ 

Corollary 13.2.2. For i = 1,...,5 and any i-regular triple a,b,c £ a, we have 



Corollary 13.2.3. A nanoword of length < 6 is homotopically (skew-) symmetric 
if and only if it is contractible or (skew-) symmetric. 

One needs to prove only that a homotopically (skew-) symmetric nanoword of 
length < 6 is contractible or (skew-) symmetric. This follows from the homotopy 
classification above. Note that rCo^ symmetric if and only Hi G {l,5},a = 
c or i = 4, 6 = c. The nanoword ir* is skew-symmetric if and only if i £ 
{1, 5}, T(a) = c, t(6) = 6 or * = 4, T(a) = a, rib) = c. 

14. a-QUANDLES AND a-KEIS 

We introduce a-quandles and a-keis generalizing the classical quandles and 
keis. Their connections with words will be discussed in the next section. 

14.1. Keis and quandles. Keis were introduced by M. Takasaki in 1942 as ab¬ 
stractions of symmetric transformations. A more general notion of a quandle 
was introduced in the 1980’s by D. Joyce, S. Matveev, and E. Brieskorn inde¬ 
pendently, see |Ka| for a survey. A quandle is a non-empty set X with binary 
operation (cc, y) ^ x *y such that x * x = x, {x * y) * z = (x * z) * (y * z), for all 
x,y,z(iX, and the mapping xi—>x*z:X^X is a bijection for any z G X. The 
identity (x *y) * z = {x * z) * (y * z) means that the bijection x x * z preserves 
*. A quandle is a kei if this bijection is involutive for all z that is {x * z) * z = x 
for all x,z G X. For example, X = 'Ljm'L with x * y = 2y — x is a kei for any 
m > 1. 
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14.2. a-quandles. For a set a, we introduce a notion of an a-quandle. Let X be a 
non-empty set. Suppose that each a G a gives rise to a bijection x ^ ax : X ^ X 
and to a binary operation {x,y) ^ x *a y on X. These operations form an a- 
quandle if the following axioms are satisfied: 

(i) ax *a X = X for all a G a,x G X] 

(ii) a(x =i=a y) = ax *a ay for all a G a, x,y G X; 

(iii) {x =i=a y)*aZ= {x *o az) *a {y *a z) for all a G a, x,y,z G X-, 

(iv) the mapping x x *a z : X ^ X is a bijection for any a G a, z G X. 

The operations {x ^ ax : X ^ X}aea and {(x, y) ^ x*a y}a^a are called the 

quandle operations. A morphism X —> X' of a-quandles is a set-theoretic map 
X —> X' commuting with these operations. 

To give examples of a-quandles, consider the semi-group iL with generators 
{a,a,}aga subject to the relations aa, = a,a for all a G a. Suppose that ih acts 
on a group X by group automorphisms x i—>- ax and x a,x where x G X. Then 
the automorphisms x i—> ax together with the binary operations 

(14.2.1) X *ay = y{a,x){a,ay)~^ G X 

for x,y G X form an a-quandle. We check the axioms. Axiom (i): ax *a x = 
x(a,ax)(a,ax)“^ = x. Axiom (ii): 

aix =i=a y) = a{y{a,x){a,ay)~^) = {ay){aa,x){aa,ay)~^ = ax *a ay. 

Axiom (iii): 

(x *a az) *a {y *o z) = (oz)(o.x)(o.oaz) *a z{a,y){a,az)~^ 

= z(a,y)(a,az)“^(a,az)(a,a,x)(a,a,aaz)“^((a,az)(a,aa, 2 /)(a,aa,az)“^)“^ 

= z(a, 2 /)(a,az)“^(a,az)(a,a,x)(a,a,aaz)“^(a,a,aaz)(a,a,a?/)“^(a,az)“^ 

= z{a,y){a,a,x){a,a,ay)~^{a,az)~^ = za,{x *a y){a,az)~^ = (x *a y) *a 2- 
Axiom (iv) follows from the assumption that x a,x : A ^ A is a bijection. 

In particular, any left module over the semi-group ring TX! is an a-quandle 
with quandle operations x ^ ax and x *ay = a.x -I- (1 — a,a)y. 

Note that if a = {a} is a 1-element set and ax = x for all x, then an a-quandle 
is simply a quandle. 

14.3. a-keis. Consider a set a with involution r. An a-kei is an a-quandle A 
such that 

(v) aT{a)x = X for all x G A, a S a and 

(vi) (x *a y) *r(a) ay = X for all x,y G X,a G a. 

These two axioms strengthen Axiom (iv) above: they imply that for any y G X, 
the mappings x x *a y ■ X ^ X and x x *T{a) ay : X ^ X are inverse to 
each other. 

The quandle operations {x i—> ax : A ^ and {(x, y) ^ x *a 2/}aea in a 

kei A are called the kei operations. Morphisms of a-keis are their morphisms as 
a-quandles. Isomorphism of a-keis is denoted by w. 

Recall the ring A = Zik defined in Sect. 110.31 Any left A-module A becomes 
an a-kei with kei operations x ax and x *ay = a,x -I- (1 — a,a)y for x,y G X. 
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Axioms (i) - (iv) were checked above, Axiom (v) follows from the definition of A 
and Axiom (vi) follows from the formulas 

{x *a y) *r(a) ay = T{a),{x *a y) + (1 - T{a),T{a))ay 

= T{a),a,x + T(a),y — T(a),a,ay + ay — T[a),T{a)ay = x. 

The a-keis obtained by this construction from A-modules are said to be abelian. 

When a is a 1-element set and ax = x for all x, the notion of an a-kei is 
equivalent to the one of a kei. 

14.4. Presentations by generators and relations. For an a-kei X, a set S C 
X generates X if all elements of X can be obtained from elements of S using 
the kei operations. Any set S generates a unique free a-kei X(S) characterized 
by the condition that every set-theoretic map from S to an a-kei X extends to a 
morphism of a-keis X{S) X. The elements of A (S') are obtained from elements 
of S using the kei operations modulo the identities imposed by Axioms (i) - (iii), 
(v), (vi). 

As in the theory of groups, we can present an a-kei by a set of generators S and 
a set of relations R. A relation is a pair p, q of elements of X{S) which we write 
as an equality p = q. The a-kei presented by S and R is obtained by quotienting 
A(S) by all the relations from R and all their corollaries. For example, pick 
a,b G a and consider the a-kei X with generators a:, y subject to one defining 
relation x bT(a)y = (bx *a y) *T(b) aax. This means that every element of X 
can be obtained from x, y using the kei operations, that the relation in question 
is satisfied, and that all other relations between x and y are corollaries of this one 
and the axioms of an a-kei. Following a similar train of ideas, one can define free 
products of a-keis. We leave the details to the reader, cf. m for presentations 
of quandles. 

14.5. Abelianization. Each a-kei X gives rise to a A-module with generators 

subject to the “commutation relations” [ax] = a[x\ and [x*ay] = a.[a;]-l- 
(1 — a,a)[y] for all x,y G X,a G a. This module is called the abelianization of X 
and denoted X°^^. It can be described by the following universal property: any 
kei morphism from X to an abelian a-kei Y factors uniquely as a composition of 
the mapping x ^ [x] \ X ^ X°‘^ and a A-homomorphism X°‘^ —> Y. 

Given a presentation of X by generators S and relations R we can compute 
X°‘^ in terms of generators and relations. This module is generated by the set 
and each relation p = q from R gives rise to a relation obtained by 
expanding both p and q as linear combinations of the vectors {[s]}sg 5 via the 
commutation relations. In particular, for the free a-kei X{S) generated by S, 
we have A(S')“*' = ©sggAjs]. For each v G X{S), we have a unique expansion 
H = v^ith Xs(v) G A. 

14.6. Marked a-keis. An a-kei X endowed with an ordered pair of distinguished 

elements G X is marked. The elements V- , are called the input and 

the output, respectively. By (iso)morphisms of marked a-keis, we mean kei 
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(iso)morphisms preserving the input and the output. The abelianization of a 
marked a-kei {X,v-,v+) is the marked A-module [v_] G X°-^, [v+] G 

Given a marked a-kei X we define a marked a-kei X to be the same set X with 
the same input and output and new kei operations ax := T{a)x, x*ay '■= x *T(a) y 

for x,y G X,a G a. Clearly, X = X. A presentation of X by generators S and 
relations R yields a presentation of X by generators S and relations R where 
the relations in R are obtained from those in R by replacing each letter a € a 
appearing in these relations by T(a). We define a marked a-kei X~ to be AT with 
permuted input and output. Clearly, (AT”)” = X. 

We point out a simple numerical invariant of a finitely generated marked a-kei 
1 C. Fix a marked a-kei X that is finite as a set. Then the set of marked morphisms 
/C —> Ai is finite. The number of such morphisms is an isomorphism invariant of 
JC. 

14.7. Reconstruction. Given an a-quandle X and a set Oq C a, we can restrict 
the quandle operations in X to only those a which belong to oq- This gives an 
OQ-quandle Y coinciding with X as a set and called the restriction of X to oq- If 
X is an a-kei, then for any a G oq C x(aQ) and any x,y CY, we have aT{a)x = x 
and {x *o y) *r(o) ay = x. An ao-quandle Y satisfying the latter conditions is said 
to be compatible with r. 

Lemma 14.7.1. Let oq be a subset of a such that oq U r(Q;o) = Aef Y be an 
ao-quandle compatible with r. Then there is a unique a-kei X whose restriction 
to ao is Y. 

Proof. Clearly, X = Y as a set and an ao-quandle. We need only to define the 
operations x ^ ax and {x, y) x j/ for a G a — ao. By assumption, 7(0) G ao. 
By the definition of an ao-quandle, the mappings x 1—> T{a)x : X ^ X and 
X I—> X *r(o) ay : X ^ X are bijective. The axioms of an a-kei show that we must 
take their inverses as the mappings x 1-^ ax and x 1-^ x *a y, respectively. Thus 
z = ax is the only element of X such that T(a)z = x and t = x *a y the only 
element of X such that t *r(o) ay = x. We show that this makes X into an a-kei. 

We first check the axioms of an a-quandle. It suffices to check them for a G 
a—ao. Axiom (i): to verify that ax*aX = x it suffices to check that x*T-(^a)Ctx = ax. 
This holds since 

X *T{a) ax = aT(a)(x *T(a) ax) = a(T(a)x *r(o) T(a)ax) = a(T(a)x *r(o) x) = ax. 

To check (ii), set t = x *ay- The required equality at = ax *0 ay is equivalent to 
at *r(o) aay = ax. We have 

at *T{a) O'O.y = aT{a)(at *T(a) oLCLy) = a{T(a)at *T{a) T{a)aay) = aft *r(o) ay) = ax 

by the choice of t. To check (iii), set t = {x *a y) *a z. The required equality 
t = {x *a ciz) *a (y *0 z) is equivalent to t *r(o) a(y *a z) = x =i<a az. The latter is 
equivalent to 

(t ^rCa) a(y z)) *r{a) aUZ = X. 
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By Axiom (iii) applied to r(a) S oq, 

{t *r(a) a{y =t=a z)) aaZ = {t *r{a) T{a)aaz) *r{a) {a{y *a z) *r{a) aaz) 

= {t *T(a) az) *r(a) ((ay *a az) *ria) aaz) = (x *a v) *T(a) ay = X. 

Axiom (iv) follows directly from the definitions. 

To see that X is an a-kei, we must check that (x *a y) *r(o) ay = x for all 
x,y G X,a G a. This follows from the definition of *a for a G a — ao and from the 
compatibility assumption for a G aonT(ao). It remains to consider the case where 
a G ao and T(a) ^ oq. By the definition of *r(a)j we know that t = (x*ay) *T(a) ay 
is the only element of X such that t *a T(a)ay = x *ay- Clearly, t = x is such an 
element. Therefore (x *a y) *T(a) ay = x. □ 

This lemma establishes a bijective correspondence between (the isomorphisms 
classes of) a-keis and ap-quandles compatible with r. If oq n r(ao) = 0 , then 
the compatibility condition is empty and we obtain a bijective correspondence 
between a-keis and ap-quandles. 

15. Keis of nanowords 

With each nanoword w over a and a r-invariant set (3 G a we associate a 
marked a-kei lCfj(w). It is preserved under homotopy moves on w. 

15 . 1 . The a-kei lCf3(w). Consider a nanoword (A^w : h ^ A) over a. As in 
Sect. 18.11 for a letter A G A, we denote by ia (resp. ja) the minimal (resp. the 
maximal) element of the 2 -element set ijj~^(A) C n. The a-kei IC0(w) is generated 
by n -I- 1 symbols Xq^xi^ ■■■,Xn subject to the following n defining relations: for 
any A G A such that a = |A| G / 3 , 

^iA — —15 — 1 — 1; 

and for any A G A such that a= \A\ G a — P, 

~ *a Xjj^ = aXjj^-i- 

We take ccp as the input and Xn as the output in lCij(w). Comparing this definition 
with the one of the marked module Kf}(w) we obtain that 

K0(w) = (lC0(w)r\ 

It is clear that if w = W1W2 is a product of two nanowords Wi,W2, then IC(w) 
is the free product of IC(wi) and IC(w2) quotiented by the relation (the output of 
JC(wi)) = (the input of IC(w2))- 

It follows from the definitions that ICpiw) ~ K,0(w). The isomorphism is the 
identity Xi 1—> Xi on the generators. Similarly, K.0(w~) w (ICa-0(w))~. The latter 
isomorphism is induced by the permutation of the generators Xi 1—> Xn-i- The 
main property of IC0(w) is contained in the next lemma. 

Lemma 15.1.1. The isomorphism type of the marked a-kei IC0(w) is a homotopy 
invariant of w. 
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Proof. If w is replaced by an isomorphic nanoword, then IC/3{w) is replaced by an 
isomorphic marked a-kei. Consider the first homotopy move w = xAAy i—^xy = 
V. Set a = \ A\ G a and let i = i a, i + ^ = jA be the indices numerating the entries 
of A in w. If a G / 3 , then the generator Xi of 1 Cf}{w) is involved in two relations 
Xi = axi-i and Xi+i = Xi *a We can exclude Xi from the set of generators 

using the first relation and replace the second relation with Xi+i = axi-i *a Xi-i- 
By Axiom (i), this may be rewritten as Xi+i = Xi-i. Thus we can further remove 
Xi+i from the set of generators and replace it in the remaining relations by Xi-i. 
The resulting set of generators and relations is a presentation of K.0{v). 

It a G a — ( 3 , then 

( 15 . 1 . 1 ) K.(j{w) Ks {lCa-0{w~))~ « {lCa-p{v~))~ « /C/3(u) 

where the second isomorphism follows from the inclusion a G a — j3 and the 
result of the previous paragraph. For completeness, we give a direct proof of 
the isomorphism IC/3{w) « ICp^v). The generator Xt of IC^lw) is involved in 
two relations Xi+i = axi and Xi = Xi-i *a Xi. The first formula is equivalent to 
Xi = T{a)xiAi. We can exclude Xi via this relation and rewrite the second relation 
as T(a)xiAi = Xi-i *a T(a)xi+i. Note that for any elements x,y of an a-kei, 

T{a)x = y *a T{a)x <;=> x = a{y *a T(a)x) x = ay *a x - 4 =^ x = y. 

Therefore we can rewrite the relation T(a)aii+i = Xi-i *ax{a)xiAi as xt+i = Xi-i. 
Thus we can further remove Xi+i from the set of generators and replace it in the 
remaining relations by Xi-i. The resulting set of generators and relations is a 
presentation of ICfs^v). 

Consider the second homotopy move w = xAByBAz xyz = v. Set a = 
[A| S a and let i = iA,j = jA > i -b 3 be the indices numerating the entries of A 
in w. By assumption, \B\ = T(a). If a G / 3 , then T(a) G P and the letters A,B 
give rise to four relations Xi = axt-i, Xi+i = T{a)xi and Xj-i = Xj-2 *T(a) Xi, Xj = 
Xj-i *a Xi-i- The first two relations imply that Xi+i = Xi-i. We exclude Xi,Xi+i 
from the set of generators replacing them in all other relations with axi-i,Xi-i 
respectively. The resulting relation Xj-i = Xj-2 *T{a) axi-i allows us to exclude 
Xj-i from the set of generators and to rewrite the relation xj = Xj-i *a a^i-i as 
Xj = ixj-2 *r(a) aXi-i) *a Xi-i- The latter is equivalent to xj = Xj-2. Thus we 
can further remove Xj from the set of generators and replace it in the remaining 
relations by Xj-2. The resulting set of generators and relations is a presentation 
of ICp{v). The case a G a — P follows from the case a G P hy 115 . 1 . 111 . 

Consider the third homotopy move w = xAByACzBCt xBAyCAzCBt = 
V. Set a = |A| = \B\ = \C\ G a. Let i = iA,j = jA,k = js be the indices 
numerating the entries of A in w and the second entry of i? in w. If a G P, then 
the letters A, B, C give rise to six relations in ICf3{w), namely, Xi = axi-i and 

— dXi , Xj — Xj — 1 1; — dXj , Xfc — X]^—\ ^a • 

We exclude Xi,Xj,Xk using the first, third, and fifth relations rewriting the other 
3 relations as 


( 15 . 1 . 2 ) 


Xij-i^ — aaXi—\^ Xjj-i^ — a(^Xj—i ^ 1 — 1)5 
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^k+1 — {p^k—1 *a klXi—\) (Xj_i 

Similarly, A, B, C give rise to 6 relations in ICfflv), namely, Xi = axi-i and 

^2+1 — nXj, Xj — Q.Xj — 1 , Xj-^i — Xj ^12 X 2 ^ X]^ — Xf2—i Xj—\ ^ X}^j^\ — Xiz Xi — \. 

We exclude x^, Xj, x^ using the first, third, and fifth relations rewriting the other 
3 relations as 

X^-i-i — ddXi—Xj Xj-\.\ — dXj — \ UX^—i, Xfc-|_i — (Xfc_i — ^i-l- 

These relations are equivalent to the relations HI 5.1 .211 modulo the axioms of an 
a-kei. The case d G a — f3 follows from the case a G f3 hy (trmi) . □ 

15.2. The invariant v+{w). For /3 = a, the defining relations of the a-kei 
ICf 3 {w) — ICa{w) consecutively express the generators via the previous ones. 
Therefore ICa{w) is a free a-kei generated by the input v-. We identify ICa{w) 
with the free a-kei X(s) with one generator s via v- = s. The output v+{w) = 
v+ G lCa(w) = X(s) is a homotopy invariant of w. It includes the polynomials 
\'{w),\{w) G A studied in Sect. 112.ll via [z;+(ri;)] = A'(ri;)[s] S (Ar(s))“^ = A[s]. 

Since A'(s) is a free a-kei, the element v+(w) G X{s) determines a unique 
kei morphism : X{s) —>■ Ai(s) such that (f>{w){s) = v^{w). This morphism 

is a homotopy invariant of tc. If w = r(;i'u ;2 is a product of two nanowords, 
then (/)(w) = 4){wi) 4 ){w2 )- Indeed, both sides are kei endomorphisms of A'(s) 
transforming s into v+(w). 

We finish this section by showing how to compute v+(w) from v+(w). Given 
two a-keis X,X', we call a mapping / : Ai —> X' a kei anti-morphism if /(ax) = 
T(a)x and /(x *a y) = f{x) *T{a) fiv) for all x,y G X,d G a. In other words, a 
kei anti-morphism X ^ X' is a kei morphism X ^ X'. It is obvious that Af(s) 
is a free a-kei generated by s and therefore there is a unique kei anti-morphism 
i : Ar(s) — > Ai(s) preserving s. Clearly, l is an involution. It follows from the 
definitions that v+{w) = i.{v+{w)). 

16. Case of free r 

Throughout this section we suppose that r is fixed-point-free and fix a set 
ao C a meeting each orbit of r in one element. We derive from a-keis of nanowords 
a simpler invariant, called the characteristic sequence. It is used to accomplish 
the homotopy classification of nanowords of length < 6. 

16.1. The a-kei F. We first construct an a-kei F needed for the sequel. Recall 
from Sect. inoi the group = 'I'q, with generators {a, a,}aea and defining re¬ 
lations aa, = a,a,ar(a) = a,r(a), = 1 for a G a. Let F be the free group (of 
countable rank) freely generated by the set 'k. The generator of F corresponding 
to G dt is denoted '0. Note that 0 and 0“^ are two independent generators of 
F for 0 0 1 and 1_ is a non-trivial generator of F where 1 is the unit of A 
typical element of F has the form (01)"^^ • • • {'ipmY'" where m > 0, 0i,..., Ym G 'k, 
and ei, ...,£m S {±1}- 
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The left action of ih on itself extends to a group action of on F. In particular, 
the generators a, a, S dt act on F by the group automorphisms 

a • • • {il’mf’") = 

a. ■ ■ ■ {YmY"') = • • • { a,Ym Y'"- 

By Sect. 114. dl this induces a structure of an ag-quandle on F with quandle op¬ 
erations X ^ ax and x *a y = y{a,x){a,ay)~^ for a G ao. By Lemma 114.7.11 
this extends uniquely to an a-kei structure on F. The compatibility condition in 
Lemma ri4.7.1l is empty since ap n r(ao) = 0. Note that the resulting a-kei struc¬ 
ture on F, generally speaking, depends on the choice of ag. The next lemma gives 
explicit formulas for the kei operations in F determined by elements of a — ag. 

Lemma 16.1.1. For a G ag, V'l: Ym G 41, and ex, ..., Em G {±1}, 

T(a) ■ ■ ■ {YmY"') = = { T{a)Yi Y^ ■ ■ ■ { T{a)'ll)m Y"‘ ■ 

For a G ag, x,y G F , 

(16.1.1) X *r{a) y = {a'Y^a~^y)~^ y G F. 

Proof. Recall from the proof of Lemma [TT7n that z = T{a)x G F and t = 
X *r(o) y are uniquely determined from the equations az = x and t *a T(a)y = x, 
respectively. Observe that 

a ({ T{a)Yi Y^ ■ ■ ■ i T{a)ilJm Y'") = { aT{a)Yi Y^ ■ ■ ■ { aT{a)Ym Y’" = iYiY'' ’' ’ {YmY'" 
This implies the first claim of the lemma. We have 
{a~^a~^y)~^ {af^x)y*a T{a)y = T{a)y a~^y)~^ y) (a,aT(a)y)“^ 

= T{a)y {a,af^a~^y)~^ {a,af^x) a,y {a,y)~^ = r(a)j/ {a~^y)~^ x = x 
where we use that aT{a)y = y and a~^y = T{a)y. This implies (116.1. 111 . □ 

16.2. Characteristic sequences. We can use the a-kei F constructed above to 
study the free a-kei Ni(S') generated by a set S. By the definition of ^(-S”), there 
is a unique kei morphism / : X{S) F sending S' to 1 G F. For v G X{s), 
we have f{v) = {YiY^ ' ’' iYmY"^ for some £i, ...,£m £ {±1} and G di. 

The sequence [eiYi, ■■■,£mYm) is called a characteristic sequence of v. It is well 
defined up to insertion/deletion of pairs of consecutive terms -bi/', —Y or —ip, +Y 
with '0 G Ik. Deleting all such pairs we obtain a unique reduced characteristic 
sequence of v. It can be efficiently computed. For example, let us compute the 
reduced characteristic sequence of u = {has *a s) *b as where a,b G a, s G S. By 
definition /(s) = 1_, 

f{bas) = bal = ba, f{bas *a s) = f{bas) f{s) = ba*a k = l a,ba ( a,a )~^, 
f{{bas *o s) *b as) = f{bas *a s) h /(as) 

= {l a,ba { a,a )~^) a = a ^ b,a,ba { b,a,a )~^{ b,ba )~^. 

Hence (a, 6,, b,a,ba, —b,a,a, —b,ba) is a characteristic sequence of v. It is reduced 
since 6 1 G 4>. 
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The following lemma relates the characteristic sequences to the polynomials 
As(u) £ A = Z5' defined in Sect. 1 14. SI 

Lemma 16.2.1. Let {eiipi,be a characteristic sequence of v £ X{S). 
Then 

eiV'l + + £mV'm = ^ As(u). 

sGS 

Proof. The canonical inclusion dt ^ = A extends uniquely to a group homo¬ 

morphism i from F to the underlying additive group of A. In particular, 

*(/(^)) = • • • iifmY"') = eiV'l + + Smtpm- 

The ring A being a left A-module acquires the structure of an abelian a-kei. 
Comparing the definitions of the kei operations in F and A we observe that i is a 
kei morphism. The mapping if : X{S) —>■ A splits therefore as a composition of 
the projection a; [a;] : X{S) X{S)°''^ and a A-homomorphism /' : ^ 

A. For any s £ 5, we have f'{[s]) = if{s) = i(l) = 1. Therefore 

eiifi + ... -f = iifiv)) = /'(H) = /'(^ As(H[s]) = 

sGS sGS 

□ 

Lemma 16.2.2. Let : dt —> dt 6e the involutive group automorphism send¬ 
ing the generators a, a, to T{a) = a“^,T(a), = 07 ^, respectively, for a £ a. Lf 
{eiifi, ...,£m'4’m) is a characteristic sequence of v £ X{S), then 
£it^{' 4!\)) is a characteristic sequence of l{v) where i is the unique kei anti¬ 
automorphism of X{S) preserving S element-wise. 

Proof. Denote by f the unique group anti-automorphism of F extending : 
vk ^ vk. Observe that f{ax) = a“^f(a:) and f{a,x) = a~^T{x) for a £ a, x £ F. 
Moreover, r is a kei anti-morphism. Indeed, for x,y £ F, a £ ag, 

Tix *a y) = f{y{a,x){a,ay)~'^) = (f(a,ay))“^ ■f(a,x) f{y) 

= {a~^a~^£{y))~^ a-^f{x) f{y) = f{x) *ria) T{y). 

The case a £ a — ag is similar. The compositions fi : X{S) F and ff : 
X{S) —> F are kei anti-morphisms sending S to 1. Therefore fb = ff. The 
equality fb{v) = ff{v) implies the claim of the lemma. □ 

16.3. Characteristic sequences of nanowords. By a characteristic sequence 
of a nanoword w, we mean a characteristic sequence of the element u+(w) £ 
Ar(s) defined in Sect. 115.21 This sequence, say {siifi,..., is well defined 

up to insertion of consecutive terms +tjj,—ijj or with if £ '^. Delet¬ 

ing all such terms we obtain the reduced characteristic sequence of w. Lemma 
116.2.11 implies that X'{w) = £iipi + ... -\- £mi’m- Lemma 116.2.21 implies that 
(CmT^i'ipTn), ■■■, is a characteristic sequence of W. By Lemma 115.1.11 

the reduced characteristic sequence of a nanoword is a homotopy invariant. Note 
that the o-kei structure on F and hence the characteristic sequences of nanowords 
depend on the choice of ag. 
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16.4. Examples. 1. Let w = ABAB with \A\ = a £ ao, \B\ = h & a^. The 
a-kei ICa{w) is generated by V- = xo,xi, ...,X 4 = i;+ subject to the relations 
Xi = aXQ,X 2 = hxi, X 3 = X 2 *a Xq,X 4 = X 3 *b X 4 . ThuS = {bav- *a V-) *b av- 
and v+{w) = {has *a s) *b as G -X^(s). By the computations above, the reduced 
characteristic sequence of w is (a, b,, b,a,ba, —6,a,a, —bmba). 

2. Pick four letters a,b,c,dG a (possibly coinciding) and consider the nanoword 
w = ABCDCDAB with |A| = a, \B\ = b, jCI = c, \D\ = d. An inspection shows 
that if a 7 ^ t( 6 ) and c 7 ^ 'T{d), then the a-pairing of w is primitive. Then ||ry|| =4 
and w is non-contractible. However, for any a,b G ao and c = T{b),d = T{a) 
we have f{v+{w)) = 1 (a direct computation). In this case, the characteristic 
sequence does not distinguish w from a contractible nanoword. This shows that 
the characteristic sequence is not a faithful invariant of nanowords and does not 
allow to recover the associated a-pairing. 

16.5. End of the proof of Theorem ll3.2.11 We must show that the nanowords 
ABACBC and AC AC with |A| = \C\ = a, \B\ = T{a) 7 ^ a are not homotopic. 
By Lemma rnm it suffices to consider the case where the alphabet a consists of 
only two letters a and r(o) 7 ^ a. Then r is fixed-point-free and we can consider 
the characteristic sequences of nanowords determined by ao = {a} C a. The 
computation above shows that the reduced characteristic sequence of AC AC is 
(a, a,, a^a^, —aa\, —a^a,). It follows from the definitions that 

v+{ABACBC) = {a{s *a s) *r{a) as) *a {s *a s). 

The value of / : A(s) —> F on v+{ABACBC) can be easily computed: 

f{s*as) = 1 *a 1 = 1 ^ (a,a) ^, f (a(s *a s)) = a (aa,a) ^, 

f{a{s *a s) *r(a) as) = Q 00 . ( aa,a ) ^ *T(a) H a~^a a{gM) ^ a, 

f{v+{ABACBC)) = ^a~^^ a7^a a (aa)~^ a *a 1 a. ( a,a ) ^ 

= ia, (oa.) ^ ( 1 )”^ a oa, (a^a,) ^ aa, (aa.) 

Therefore the reduced characteristic sequence of ABACBC is 

1, n*, uu®, 1, ft, ftft^, ft ftv, flft*, ft ft^, aa^^ ftft®. 

It differs from the one of AC AC already in the first term. Therefore ABACBC 
is not homotopic to AC AC. As a check of our computations, note that the sum 
of all terms in the characteristic sequences of these two nanowords is the same, 
as it should be because these nanowords are indistinguishable by the invariant A. 
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